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Abstract 



A unitary representation of a, possibly infinite dimensional, Lie group G is 
called semibounded if the corresponding operators jd7r(a;) from the derived repre- 
sentation are uniformly bounded from above on some non-empty open subset of 
the Lie algebra g of G. A hermitian Lie group is a central extension of the identity 
component of the automorphism group of a hermitian Hilbert symmetric space. 
In the present paper we classify the irreducible semibounded unitary represen- 
tations of hermitian Lie groups corresponding to infinite dimensional irreducible 
symmetric spaces. These groups come in three essentially different types: those 
corresponding to negatively curved spaces (the symmetric Hilbert domains), the 
unitary groups acting on the duals of Hilbert domains, such as the restricted 
Grafimannian, and the motion groups of flat spaces. 

Keywords: infinite dimensional Lie group, unitary representation, semibounded 
representation, hermitian symmetric space, symmetric Hilbert domain. 
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Introduction 

This paper is part of a project concerned with a systematic approach to unitary repre- 
sentations of Banach-Lie groups in terms of conditions on spectra in the derived repre- 
sentation. For the derived representation to carry significant information, we have to 
impose a suitable smoothness condition. A unitary representation tt : G — ^ U(H) is said 
to be smooth if the subspace T-L°" C H of smooth vectors is dense. This is automatic 
for continuous representations of finite dimensional groups, but not for Banach-Lie 
groups ( |NelOa| ). For any smooth unitary representation, the derived representation 



carries significant information in the sense that the closure of the operator d7r(a;) co- 
incides with the infinitesimal generator of the unitary one-parameter group 7r(expte). 
We call (tt, %) semibounded if the function 
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is bounded on the neighborhood of some point in g. Then the set Wtt of all such points 
is an open Ad(G)-invariant convex cone in the Lie algebra g. We call tt bounded if 
is bounded on some 0-neighborhood, i.e., Wt^ — g. All finite dimensional continuous 
unitary representations are bounded and most of the unitary representations appearing 
in phy s ics are s emibounded (cf. [Ca83], [Ml87l [Ml89] . [PS86] . [SeGSlj . |CR87j . [Se58] . 
[Ml], IBakOTQ . 

For finite dimensional Lie groups, the irreducible semibounded representations are 
precisely the unitary highest weight representations and one has unique direct integral 
decompositions [NeOOi X.3/4, XL 6]. For many other classes of groups such as the Vira- 
soro group and afhne Kac-Moody groups (double extensions of loop groups with com- 
pact target groups), the irreducible highest weight representations are semibounded, 
but to prove the converse is more difficult and requires a thorough understanding of 
invariant cones in the corresponding Lie algebras as well as of convexity properties of 
coadjoint orbits f |NelOc| ). 

Finite dimensional groups only have faithful bounded representations if their Lie 
algebras are compact, which is equivalent to the existence of an Ad- invariant norm on 
the Lie algebra. For infinite dimensional groups, the picture is much more colorful. 
There are many interesting bounded representations, in particular of unitary groups 
of C* -algebras (cf. [BNllj ) and a central result of Pickrell f |Pi88| ). combinded with 
classification results of Kirillov, Olshanski and L Segal f |0178| . |Ki73) . |Se57| ). implies 
that all separable unitary representations of the unitary group U(?^) of an infinite 
dimensional separable Hilbert space can can be classified in the same way as for their 
finite dimensional analogs by Schur-Weyl theory. In particular, the irreducible ones 
are bounded (cf. Theorem IE. ip . 

To address classification problems one needs refined analytic tools based on recent 
results asserting that the space 71°° of smooth vectors is a Frechet space on which 
G acts smoothly ( |NelOaj ). In |NelOd| we use these facts to develop some spectral 
theoretic tools concerning the space of smooth vectors. This does not only lead to a 
complete description of semibounded representations of various interesting classes of 
groups such as hermitian Lie groups which are dealt with in the present paper. They 
also apply naturally to unitary representations of Lie supergroups generated by their 
odd part (' |NSalOj '). 

Our goal is a classification of the irreducible semibounded representations and 
the development of tools to obtain direct integral decompositions of semibounded 
representations. The first part of this goal is achieved in the present paper for the class 
of hermitian Lie groups. These are triples (G, 9, d), where G is a connected Lie group, 
9 an involutive automorphism of G with the corresponding eigenspace decomposition 
g = t©p, d e (the center of ?) an element for which add|p is a complex structure, 
and p carries an e'*'^ '-invariant Hilbert space structure. We then write K :— (G^)o 
for the identity component of the group of 0-fixed points in G and observe that our 
assumptions imply that G/K is a hermitian Hilbert symmetric space. The simply 
connected symmetric spaces arising from this construction have been classified by 
W. Kaup by observing that p carries a natural structure of a Ji7*-triple, and these 
objects permit a powerful structure theory which leads to a complete classification in 
terms of orthogonal decompositions and simple objects (cf. |Ka81[ lKa83| V 

Typical examples of hermitian symmetric spaces are symmetric Hilbert domains 
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(the negatively curved case), their duals, such as the restricted GraBmannian of a 
polarized Hilbert space H = ® ^_ (the positively curved case) (cf. |PS86| ). and 
all Hilbert spaces T-L as quotients G = CH >ia K)/K, where a is a norm-continuous 
unitary representation of X on "H (the flat case). Our concept of a hermitian Lie group 
contains almost no restrictions on the group K, but the structure of K is crucial for 
the classification of semibounded representations of G. To make this more specific, we 
call (G, 9, d) irreducible if the unitary _fC-representation on p is irreducible. In this case 
either [p, [p,p]] = {0} (the flat case) or p is a simple Ji?*-triple. Then we say that 
Q is full if ad J = out(p) is the full Lie algebra of the automorphism group Aut(p) of 
the Jif*-triple p. One of our key observations is that the quotient Lie algebra t/}{t-) 
contains no non-trivial open convex invariant cones. 

The structure of this paper is as follows. Section [1] introduces the concept of a 
hermitian Banach-Lie group and in Section [2] we explain their connection with JH*- 
triples and recall Kaup's classification of infinite dimensional simple J77*-triples. As 
we shall see in the process, hermitian Lie groups G have natural central extensions G 
and these central extensions often enjoy a substantially richer supply of semibounded 
unitary representations than the original group G. This phenomenon is also well- 
known for the group of diffeomorphisms of the circle (cf. jNelOc) ') and loop groups 
( |PS86j . |Ne01b) ). This motivates our detailed discussion of central extensions in Sec- 
tion[31 Any semibounded representation (tt, Ji) defines the open convex invariant cone 
C g. Therefore the understanding of semibounded representations requires some 
information on the geometry of open invariant cones in Lie algebras. In our context 
we mainly need the information that for certain Lie algebras i, all open invariant cones 
in t/i{i) are trivial. Typical examples with this property are the Lie algebras of the 
unitary groups of real, complex or quaternionic Hilbert spaces (Section |4l). Sections [5]- 
M are devoted to the classification of the irreducible semibounded representations of 
hermitian Lie groups. The main steps in this classification are the following results on 
semibounded representations (tt,?^) of G: 

(1) If contains no open invariant cones, then we derive from the results on 

invariant cones developed in Section |4] that tt\z{k)o is also semibounded. 

(2) If {G,9,d) is irreducible, then d € U - W^. If d € W^, then we call {n,n) 

a positive energy representation. In this case the maximal spectral value of the 
essentially selfadjoint operator idTT{d) is an eigenvalue and the if -representation 
(p, V) on the corresponding eigenspace is bounded and irreducible. Using the 
holomorphic induction techniques developed in |NelOd| for Banach-Lie groups, 
it follows that {n^V.) is uniquely determined by {p,V) (Section [5]). We call a 
bounded representation (p, V) of K (holomorphically) inducible if it corresponds 
as above to a unitary representation (tt, H) of G. 

(3) If {G,9,d) is full or G/K is flat (with not containing open invariant cones), 

we derive an explicit characterization of the inducible bounded irreducible K- 
representations. We thus obtain a classification of all irreducible semibounded 
representations of G in terms of the corresponding if-representations (SectionsH)- 
|8]). For irreducible symmetric Hilbert domains, this explicit characterization is 
based on the classification of unitarizable highest weight modules of locally finite 
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hermitian Lie algebras obtained in |N098) (Section [7]). For the c-dual spaces we 
obtain the surprisingly simple result that inducibility can be characterized by an 
easily verifiable positivity condition (Section [5]). 

(4) A central point in our characterization is that the group K has a normal closed sub- 
group Kao (for K = U('H) this is the group Uoo('H)) with the property that each 
bounded irreducible representation (p, V) is a tensor product of two bounded 
irreducible representations (poiK)) and {pi,Vi), where Pq\k^ is irreducible and 
Kryo C kerpi. We show that {p,V) is inducible if and only if {po,Vo) has this 
property. Here the main point is that, even though no classification of the rep- 
resentations (pi, Vi) is known, the representations (po, Vq) can be parameterized 
easily by "highest weights" (cf. Definition ID. 3[) . If V is separable, then the rep- 
resentation pi is trivial, which can be derived from the fact that all continuous 
separable unitary representations of the Banach-Lie group U(?£)/ Uoo('H) are 
trivial if % is separable (cf. |Pi88| and also Theorem IE. II below*) . 

We collect various auxiliary results in appendices. In Appendix |^ we discuss 
operator-valued positive definite functions on Lie groups. The main result is Theo- 
rem asserting that analytic local positive definite functions extend to global ones. 
This generalizes the corresponding result for the scalar case in |NelOb| . Its applications 
to holomorphically induced representations are developed in Appendix [BJ where we 
show that holomorphic inducibility of (p, V) can be characterized in terms of positive 
definiteness of a i?(y)-valued function on some identity neighborhood of G. This is a 
key tool in Sections [7] and 13 

For the convenience of the reader we provide in Appendix [C] a description of various 
classical groups of operators on Hilbert spaces over K G {K, C,H}. Appendix ID] 
provides a complete discussion of the bounded unitary representations of the unitary 
group \]p{T-L) of an infinite dimensional real, complex or quaternionic Hilbert space for 
1 < p < oo. The irreducible representations are parametrization in terms of highest 
weights. For K = C this was done in [Ne98) . and for K = R and H, these results are 
new but quite direct consequences of the complex case. We show in particular that all 
bounded representatations of these groups are direct sums of irreducible ones. If Ji is 
separable, this is true for any continuous unitary representation of Uoo(H) ( |Ki73j ). 
but for p < 00, the topological groups Vp{H) are not of type I (cf. [Bo80| . |SV75] ). 
In Appendix [E] we finally recall the special features of separable representations of 
unitary groups. We conclude this paper with a discussion of some open problems and 
some comments on variations of the concept of a hermitian Lie group. 

The classification results of the present paper also contribute to the Olshanski- 
Pickrell program of classifying the unitary representations of automorphism groups of 
Hilbert symmetric spaces (cf. [Pl87llPl8l[PigollPl9T] . [01781 lOlMl lOMl [Ol89 . 0190 ). 
For symmetric spaces M — G/K of finite rank, Olshanski has shown in [Ol78j |0184] 
that the so-called admissible unitary representations of G, i.e., representations whose 
restriction to K is tame, lead to so-called holomorphic representations of the auto- 
morphism group of a hermitian symmetric space M" = G^/K^ containing AI as a 
totally real submanifold. The irreducible holomorphic representations of the automor- 
phism group of Af" turn out to be highest weight representations, which correspond 
to the representations showing up for type Ifin in our context. For spaces M of infinite 



4 



rank, the classification of the admissible representations is far less complete, although 
Olshanski formulates in [0190] quite precise conjectures. These conjectures suggest 
that one should also try to understand the semibounded representations of mapping 
groups of the form C°°{S^, G), where G is a hermitian Lie group. 

Acknowledgement: We thank Daniel Belti^a, Hasan Giindogan, Stephane Merigon, 
Stefan Wagner and Christoph Zellner for various comments on this paper and for sev- 
eral discussions on its subject matter. 

Notation and conventions: For an open or closed convex cone in a real 
vector space V we write H{W) {x £ V : x + W ^ W} for the edge ofW. 

If g is a real Lie algebra and qc its complexification, we write z := x — iy for 
z — X + iy, x,y £ Q, and z* :— — z. 

For a Lie group G with Lie algebra g and a topological vector space V, we associate 
to each x E g the left invariant differential operator on C°°{G, V) defined by 

f{geyip{tx)) for x £ q. 

By complex linear extension, we define the operators 

L^+iy := + iLy for z = x + iy e gc,x,y e g. 
Accordingly, we define 

f{exp{tx)g) for x £ q 

and Rz for z G gc by complex linear extension. For a homomorphism ip: G ^ H oi 
Lie groups, we write L(93) : L(G') = g — > L(iJ) = \) for the derived homomorphism of 
Lie algebras. 

For a set J, we write | J| for its cardinality. 
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1 Hermitian Lie groups 

Let G be a connected Banach-Lie group with Lie algebra g, endowed with an involu- 
tion 9. We write K :— (G^)o for the identity component of the subgroup of 0-fixed 
points in G and 

g = «®p, e := kcr(L(6') - 1), p := ker(L(6') + 1) 

for the corresponding eigenspace decomposition of the Lie algebra. Then p C g is a 
closed Ad(ii')-invariant subspace and we write Adp : K —J- GL(p) for the corresponding 
representation oi K on p. 

Definition 1.1. (a) We call a triple {g,d,d) consisting of a Banach-Lie algebra g, 
an involution of g and an element cZ € 3(6) a hermitian Lie algebra if the following 
conditions are satisfied: 

(HI) p is a complex Hilbert space. 

(H2) adp : t oKp) a representation of p by bounded skew-hermitian operators. 
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(H3) [d, x] — ix for every x G p. 



(H4) keradp C3(«). 

We say that the hermitian Lie algebra (g, 0, d) is irreducible if, in addition, the repre- 
sentation of 4 on p is irreducible. 

(b) A triple (G, 9, d) of a connected Lie group G, an involutive automorphism 
of G and an element d S g is called a hermitian Lie group if the corresponding triple 
(0,L(0),(i) is hermitian. Since K is connected, (H2) means that 

(H2') Adp is a unitary representation of K . 

Since p is a closed complement of 4 = L(ivr) in g, the quotient M := G/ii" carries 
a natural Banach manifold structure for which the quotient map g: G — > M is a 
submersion. Moreover, the complexification gc decomposes into 3-eigenspaces of ad d: 

gc = P+©«C©P", p=^ := kcr(addT il), (1) 

and all these eigenspaces are Ad(iir)-invariant. Therefore M — G/K carries a natural 
complex structure for which the tangent space Txk{M) in the base point IK can be 
identified with p"*" = gc/(tc +P~): resp., with p, endowed with the complex structure 
defined by add ( |Bel05[ Thm. 15]). As the scalar product on p is Ad (i^)- invariant, 
it defines a Riemannian structure on M . Endowed with these structures, M becomes 
a hermitian symmetric space (cf. fKa83| ). The fact that the triple bracket [x, [y,z\\ 
corresponds to the curvature now implies that, for cc € p, the operator (adx)^ : p — > p 
is hermitian. The symmetric space is said to be flat if [p, [p, p]] — 0, positively curved if 
the operators (adx)^|p, x £ p, are negative semidefinite, and negatively curved if these 
operators are positive semidefinite (cf. |Ne02c] ). 

Remark 1.2. (a) If G is simply connected, then M = G/K is also simply connected 
because the connectedness of K implies that the natural homomorphism 7ri(G) — ?► 
TTi{G/K) is surjective. 

(b) We neither require that £ — [p,p] nor that [p,p] is dense in i. 

(c) If (g, 9, d) is a hermitian Lie algebra, then Q — ^T^^'^d fQUQ^^^g immediately from 
the definitions. In particular, every connected Lie group G with Lie algebra g carries 
the involution 9c{g) '■= (exp 7r(i)g(exp — Trd) with L(6'g) = 9. 

(d) From { = ker(add) D 3(g) (H3), we derive that 3(g) — (keradp) n so that 
(H4) is equivalent to keradp = 3(g). If, in addition, (g, 0, d) is irreducible, then Schur's 
Lemma implies that adp(3(t)) = Ril = Radp d, which leads to 

3(fi) =Rd®3(g). (2) 

Examples 1.3. (Flat case) (a) Suppose that H is a complex Hilbert space, K a 
connected Banach-Lie group and n: K U('H) a norm continuous (hence smooth) 
representation oi K on H with ker(d7r) C 3(4). Then G :^ H K is a. symmetric 
Banach-Lie group with respect to the involution 9{v, k) :— (— w, k). In this case G^ = 
{0} X K, so that G/K = H. If there exists an element d S 3(6) with dTT{d) ~ il, 
then (G, 9, d) is a hermitian Lie group. If the latter condition is not satisfied, we may 
replace K hy M.x K and extend the given representation by 7r(t, k) :— e**7r(fc). 
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(b) We can modify the construction under (a) as follows. We define the Heisenberg 
group ofH by 

Heis(-H) M X -H, 

endowed with the multiplication 

{t, v){t', v') := {t + t' + ^uj{v, v'), V + v'), uj{v, v') := 2 Im(w, v'). 

Then K acts smoothly by automorphisms on Heis('H) via ak{t,v) ~ {t,Tr(k)v), and 
we obtain a Lie group G := Heis('H) K with an involution defined by 9{t, v, k) := 
{t, -V, k) and K := = Rx {0} X K = Rx K. 

For X = Tl C U('H), we obtain in particular the oscillator group Osc('H) = 
HeisCH) XI T of -H. 

Examples 1.4. Let H be a complex Hilbert space which is a direct sum % = H+®H-. 

(a) (Positively curved case) The restricted unitary group Vicsi'H) — U('H)nGLi.cs(^) 
from Appendix IC.6I is hermitian with d := ^ diag(«l, —il) and the involution 

fa b\ _ fl 0\ fa b\ fl \ _ f a 

yc d) '-^ yo -i) \c d) yo -i)~y-c d) 

whose group of fixed points is the connected group Ures('H)^ = U('H+) x U('H_). We 
also see that 

p = { (^^^, o) • ^ ^ B2{n-,n+)} = B2{n-,n+) - n+M*. 

is a complex Hilbert space, and the adjoint representation Adp{k^, k-)z = k^zkZ^ is 
irreducible because it is a tensor product of two irreducible representations. 

(b) (Negatively curved case) The restricted hermitian group Urcs(^+,'H-) (Ap- 
pcndix [C.6p is also hermitian with respect to the same involution and the same element 
d e t as in (a). We also note that Vrcs{H+,H^y = VrcsiUf = V{H+) x V{H-). 

Definition 1.5. (a) A symmetric Lie algebra is a pair (g, 0), where g is a Lie algebra 
and 9 e Aut(g) (the group of topological automorphisms) with 0^ = idg. If g = t p 
is the decomposition into 0-eigenspaces, then g'^ := f + jp C with the involution 
6'^(x + iy) := X — iy, X Q i, y p, is called the c-dual symmetric Lie algebra (g"^, 9'^) of 

(b) If (g, 9, d) is hermitian, then the c-dual Lie algebra (g"^, 9"^, d) is also hermitian, 
called the c-dual hermitian Lie algebra. 

(c) For any hermitian Lie group (G, 9, d), the semidirect product G™ :— p XAdp K 
is called the associated motion group. It is hermitian with respect to the involution 
9"'{x,k) := i-x,k) (Example [Ol). 

Remark 1.6. Note that c-duality changes the sign of the curvature. In fact, multi- 
plying X E p with i leads to the operator (adia;)^ ~ — (adx)^ on ip = p. 

Example 1.7. The restricted unitary group Uros('H+0'H_) and the restricted pseudo- 
unitary group Urcs(^+,W-) from Example ll.4l are c-duals of each other: 

U,.es(H+®H-)" -U,es(H+,H-). 
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2 Ji7*-triples and their classification 



A classification of the simply connected hermitian symmetric spaces has been obtained 
by W. Kaup in [Ka83 (cf. Theorem 12.61 below*) . Kaup calls a connected Riemannian 
Hilbert manifold M a symmetric hermitian manifold (which is the same as a hermitian 
symmetric space) if it carries a complex structure and for each m € M there exists a 
biholomorphic involutive isometry s,„ having m as an isolated fixed point. According 
to |Ka77j , the category of simply connected symmetric hermitian manifolds with base 
point is equivalent to the category of JiJ*-triples, and these are classified in [Ka83j . 
We briefly recall the cornerstones of Kaup's classification. 

Definition 2.1. (a) A complex Hilbert space U endowed with a real trilinear map 



which is complex linear in x and z and antilinear in y is called a J H* -triple if the 
following conditions are satisfied for a, b, c,x,y,z £ U ( |Ka81[ Sect. 1]): 

(JHl) {x,y,z} = {z,y,x}. 

(JH2) {x, y, {a, b, c}} = {{x, y, a}, b, c} - {a, {y, x, b}, z} + {a, b, {x, y, c}}. 
(JH3) The operators xOx are hermitian. 

We write Aut(C/) for the automorphism group of the JiJ*-triple U, i.e., for the group 
of all unitary operators g on U satisfying g{x, y, z} — {gx, gy, gz} for x,y, z ^ U. We 
define the spectral norm on U by ||-z||oo := vIN-MI- 

(b) For every Ji?*-triple, we define the c-dual If^ as the same complex Hilbert 
space [/, endowed with the triple product 



This turns U'' into a JiJ*-triple with xO'^x — —xDx. 

Remark 2.2. In |Ka83| Thm. 3.9], Kaup shows that every Ji/*-triple U is the or- 
thogonal direct sum 



where the Uj, j S J, are the simple triple ideals. A triple ideal is a closed subspace 
invariant under UDU, and the simple triple ideals are the minimal non-zero triple 
ideals on which the triple product is non-zero. Further, 



the center of U, is fiat, i.e., its triple product vanishes. Since each automorphism of 
U permutes the simple ideals {Uj)j^j and preserves the center i{U)^ it is easy to see 
that the Lie algebra of the Banach-Lie group Aut(C/) preserves each simple ideal {L , 
and therefore the identity component Aut(C/)o also preserves each simple ideal C/j|l| 

^For X € aut(C/) each operator e*^, f £ M, permutes the spaces Uj. Let Pj : U Uj denote 
the orthogonal projection onto Uj. Then, for each j, the operator Pje^^ on Uj is non-zero if t is 
sufficiently small because it converges uniformly to 1. For any such t we then have e^^Uj C Uj, and 
this implies e^Uj = Uj. 



{•,•,•}: ^ t/, (a;, y, z) ^ {xUy)z := {x, y, z} 



{x,y,zY : 



{x,y,z}. 




l{U) ■.= {zeU: (Vx, y€U) {x, y, z} = 0}, 
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Remark 2.3. (a) (From hermitian Lie groups to JiJ*-triples; [KaT^) We claim that, 
for each hermitian Lie algebra {g,d,d), p carries a natural structure of a JiJ*-triple. 
First we use the embedding p ^ Qc^^ x — ilx, where Ix = [d,x], to obtain an 
isomorphism of the complex Hilbert space p with the complex abelian subalgebra 

C gc from ([T]). Therefore it suffices to exhibit a natural J_ff* -structure on p+. 

For X, y, z e p^, we put 

{x,y,z} := [[a;,y],z] G p+. 

This map is complex linear in the first and third and antilinear in the second argument. 
Using the grading flc = P~ © © P^, the two conditions (JHl/2) are easily verifiedH 
We also note that 

xOx = ad([x, x]), 

so that (H2) and [x,x] E it imply that xOx is hermitian. Therefore (p+, {•, •, •}) is a 
JiJ*-triple. 

(b) (From J_ff*-triples to hermitian Lie groups) If, conversely, [/ is a JH*-trip\e 
and U denotes U, endowed with the opposite complex structure, then the Kantor- 
Koecher-Tits construction leads to the complex Banach-Lie algebra 

gc{U) := t/ ® aut(C/)c © C7, 

endowed with the bracket 

[{x, A, y), ix', A', y')] - (Ax' - A'x, xDy' - x'Dy + [A, A'], -A*y' + (A')*y). 

Since (xOx)* — xOx, polarization leads to (xOy)* = yOx for x,y E U. This implies 
that cr{x, A, y) := (y, —A* , x) defines an antilinear involution on Qc{U), which leads to 
the real form 

q{U) QciUy - {(x, A, x) G qc{U) : .t e [/, A* = -A}. 

This real form has an involution 9, defined by 9{x,A,x) :— (— x, A, — x) with = 
aui{U) and = U. With the element d S ^{aut{U)) given by dx — ix, we now 
obtain a hermitian Lie algebra {Q,6,d) with 

p+ = U X {{{), 0)}, tc - out(t/)c and p" = {(0, 0)} x U. 

Note that, for x,y,z E U ^ p+, we have [[x, y], z] — {xDy)z — {x, y, z}. [f| 

Definition 2.4. We call the irreducible hermitian Lie algebra {g,d,d) full if 

(Fl) [p, [p,p]] 7^ 0, i.e., p is a simple Ji7*-triple (Remark [^^ . and 

(F2) adp(t) = aut(p) is the Lie algebra of the automorphism group Aut(p) of the 
Jif* -triple p. 

2 In IKa83l . Kaup uses the formula {x,y,z} := ^[[x,y], z]. 

■^For A G aui{U) we have A{x, y, z} = {Ax, y, z} + {x. Ay, z} + {x, y, Az}, so that complex linear 
extension leads for A G aui{U)c to A{x, y, z} = {Ax, y, z} — {x, A*y, z} + {x, y, Az}. 
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Remark 2.5. (a) Suppose that (g, 9, d) is full. In view of Schur's Lemma, the ir- 
reducibility of the ^-module p implies that 3(aut(p)) = Ril = Madpd C a,dp{i{t)). 
Condition (F2) also implies the converse inclusion, so that 

3(aut(p)) -adp(3(«)) =Rzl. 

In particular, we obtain 

aut(p)/3(aut(p))=V3(«)- (3) 

(b) If {G,d,d) is a hermitian Lie group satisfying (F2), then 3(g) = keradp (Re- 
mark [L2r d)') leads to adg = aut(p) p = 0(p), endowed with the Lie bracket 

[{A,x),iA',x')] := {[A,A']+&df,i[x,x']),Ax' -A'x) 

(cf. Remark [13i;b)). 

For an irreducible hermitian Lie group {G,6,d), the connectedness of K and the 
irreducibility of the -fT-representation on p implies that either p is a simple Ji/*-triple 
or flat. Kaup's classification also implies that a simple Ji/*-triple either is positive, 
i.e., all operators xOx are positive, or negative, i.e., all these operators are negative 
( |Ka83[ p. 69]). Since we shall need it later on, we recall the infinite dimensional part 
of Kaup's classification. 

Theorem 2.6. Each simple infinite dimensional positive J H* -triple U is isomorphic 
to one of the following, where 'H± and T-L are complex Hilbert spaces and a is a conju- 
gation on %, i.e., an antilinear isometric involution. 

(I) The space B2{'H- ,%+) of Hilbert- Schmidt operators %- — > with 

{A,B) =tr{AB*) and {A,B,C} ^ \{AB*C + CB* A). (4) 

In this case ||v4||oo = ||^|| is the operator norm. For ^ "H^, the automor- 
phism group consists of the maps of the form a{A) = g+Ag.^ for g± S V{'H±), 
and for Ti^ = H- = H, we obtain an additional automorphism by A i-^ A^ := 
cfA*(t. 

(II) The space Skew2(?^) := {A £ B2{'H). A'^ = —A} of skew- symmetric Hilbert- 

Schmidt operators, which is a JH* -subtriple of B2{'H). The automorphisms are 
the maps a{A) — gAg~^ for g £ U('H). 

(III) The space Sym2('H) := {A G i?2('H): A'^ = A} of symmetric Hilbert-Schmidt 
operators, which is another .J H* -subtriple of B2{'H). The automorphisms are 
the maps a{A) — gAg~^ for g G U('H). 

(IV) A complex Hilbert space U with a conjugation a and 

{x, y, z} := {x, y)z + (z, y)x - {x, a{z))a{y). 

Then — {z,z) + {z, z)^ ~ \ {z, a{z))\^ and the automorphisms are of the 

form a{v) = zg{v) for z G T and g G 0{'H'^). 
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The negative simple J H* -triples are the c-duals of the positive ones and have the same 
automorphism group. 

Proof. The classification can be found in |Ka831 Thm. 3.9]; see also |Ka81[ p. 474] for 
the type IV case. 

For a description of the automorphism groups of simple J7?*-triples, we refer to 
|Ka97l pp. 199/200] and IKa751 p. 91]. To see that Kaup's hst also describes the 
automorphism groups of the associated Jif*-triples, we note that any automorphism of 
U preserves the spectral norm on U, hence extends to the bidual U'^ of the completion 
Uoo of U with respect to the spectral norm (see also |Ne01a[ Thm. V.ll]). Conversely, 
Kaup's list shows that all automorphisms of U'J^ preserve the subspace U on which 
they induce J_ff*-triple automorphisms. It is clear that Aut([/'^) = Aut(t/). □ 

Automorphisms of symmetric Hilbert domains 
Remark 2.7. For every positive Ji7*-triple U, the set 

V:={xeU: ||.t||oo<1} 

is a symmetric Hilbert domain, i.e., for each point m e 2?, there exists an involutive 
biholomorphic map s,„ having m as an isolated fixed point f [Ka83| p. 71]). Since 
this is clear for m = with so{x) = — x, the main point is that the group Aut(2?) 
of biholomorphic maps acts transitively on V. This group is a Banach-Lie group 
and 9{g) :— sogso defines an involution on Aut(I?) with Aut(I')^ = Aut{U) and the 
corresponding decomposition 

aut(X>) := L(Aut(X>)) = aui(C/) ® C/, aut{Vf = aut([/), p = [/. 

It is easy to see that (Aut(2?)o, 0, il) is a hermitian Lie group, and if U is simple, then 
it is fuh. We also derive that aui(2?) = g{U) (Remark EStb) ) . 

We now describe the automorphism groups of infinite dimensional irreducible sym- 
metric Hilbert domains which correspond to the four families of infinite dimensional 
positive simple J7J*-triples. 

Type I: The group G := Ui.cs('H+, "H-) (cf. Example [L4|b)) acts transitively on 

V:={ZeB2in-,n+): ||^||<1} 
by fractional linear transformations 

gZ = {aZ + b){cZ + dy^ for g = 

(cf. |N098j ). The stabilizer of in G is X := \J{'H+) x U(-H_), so that V = G/K. 
With TheoremEDwe see that Aut(X')o = Ui.cs('H+, 'H-)/Tl, so that Ures('H+,'H-) is 
a central T-extension of Aut(2?)o which is easily seen to be a hermitian Lie group with 
respect to c? := | diag(l, —1). From Theorem 12.61 it also follows that Ui.cs('H+, H-) is 
full. 
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Type II: For a conjugation a on the complex Hilbert space %, the subgroup G := 
Orcs(^) ^ Urcs('H,'H) (cf. Appcndix IC.6p acts transitively on 

V = {Z e B2iH) : = -Z, \\Z\\ < 1}. 
The stabilizer of is /sT :== | ( ^-^] : g e \J{n) \ = V{n), so that G/K = V. In 



, .0 3" . 

this case Aut(I?)o = 0*(,s('H)/{±l} and 0*^^{T-L) is a hermitian Lie group with respect 
to c! := I diag(l, -1). 

Type III: Likewise, the subgroup S^^^^iji) C Urcs('H,'H) (cf. Appendix IC.6P acts 
transitively on 

V = {Z C B2{n): Z^ =Z,\\Z\\ <!}. 

The stabilizer if of is isomorphic to U('H), Aut(r')o = Sp,e3('H)/{±l}, and Sp„,('H) 
is a hermitian Lie group with respect to d := | diag(l, — 1). 

Type IV: We consider the orthogonal group G := 0{]S?,'Hr)o of the indefinite 
quadratic form 

q{x,v) := - ||u||^ 
on © "Hr, where "Hm is an infinite dimensional real Hilbert space. Then 



.1 ^ 

satisfies (add)"^ + add = 0, so that :— e'^^'^'^ defines an involution on G with 

K-.^G'' = S02(M) X OCHk). 
Elements of the Lie algebra g = o(R^, o('Hr)) have a block structure 



b c 



with b^{bi,b2)eni^inm)i 



From _ 

(c6 - bay 



a 0\ fO fe^ 
c j ' U 



cb ~ ba 



we derive that a e S02(M) acts on p = by 5 i-> —6a. Therefore add defines a 
complex structure on p = "H^, acting by 

I{v,w) = -{v,w)(^^ ^^^{-w,v). 

This leads to a natural identification of p with ('Hr)c7 where o('Hr) C t acts in the 
natural way by complex linear operators. Since the representation of o('Hr) on "Hr is 
absolutely irreducible, i.e., its commutant is Rl, the representation of t on the complex 
Hilbert space p is irreducible. We therefore obtain the hermitian Lie group (G, 9, d). 
Putting % := ('Hr)c — P, we then obtain pc = T-L^ with 

p± ^ {6 ip i/6: 6 e -H} = {{b, ^ih) -.beU}. 



13 



In this realization, an easy matrix calculation leads with the isomorphism H — > p"*", a; i-> 
{x, —ix) for X, y, z S p+ = H to 

[[x,%z\ = 2{{x,y)z+ {z,y)x- {x,z)y). 

Therefore the associated J7J* -triple is of type IV (Theorem I2.6p . 

3 Central extensions of hermitian Lie groups 

In Section[6][8]below we show that for certain hermitian Lie groups G there are natural 
central extensions G with a substantially richer semibounded unitary representation 
theory. This motivates our detailed discussion of central extensions in the present 
section. Its goal is to show that for every simple Ji?*-triple [/, the Lie algebra q{U) 
has a universal central extension 5(J7) whose center is at most 2-dimensional and which 
is integrahle in the sense that it is the Lie algebra of a simply connected Banach-Lie 
group G(U). For these central Lie group extensions we give rather direct constructions 
based on |Ne02) . 

Definition 3.1. (a) Let j be a topological vector space and g be a topological Lie 
algebra. A continuous ^-valued 2-cocycle is a continuous skew-symmetric function 
1^ : fl X g — > 3 with 

uj{[x,y],z)+oj{[y,z],x)+uj{[z,x],y) = for x,y,zeg. 

It is called a coboundary if there exists a continuous linear map a : g — >■ 3 with lu{x, y) = 
a{[x,y\) for all x,y £ q. We write ^^(0,3) for the space of continuous 3-valued 2- 
cocycles, B^{q,^) for the subspace of coboundaries defined by continuous linear maps, 
and define the second continuous Lie algebra cohomology space 

Hl{Q,i) ■.= Zl{Q,D/Bl{Q,i). 

(b) If cli is a continuous 3-valued cocycle on g, then we write 3©cj0 for the topological 
Lie algebra whose underlying topological vector space is the product space 3 x g, and 
whose bracket is defined by 

[{z,x),{z' ,x')] = [uj{x,x'),[x,x']). 

Then q : 3 ®^ g — >• g, (z, x) >-)• x is a central extension and cr : g — >• 3 g, a; (0, x) is 
a continuous linear section of q. 

(c) A morphism of central extensions 

it ^ qi 12 ^ 92 

3i ^01 ^0, 32 >02 >9 

is a continuous homomorphism gi — > g2 with q2 o — qi and if o ii — i2 o ip for a 
continuous linear map 31 32. For 31 = 32 and tp = id^^, the morphism ip is called 
an equivalence. The space H^{Q,i) classifies equivalence classes of topologically split 
central extensions of g by 3 (cf. [Ne02b[ Rem. 1.2]). 
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(d) A central extension 3 ^ g g is called universal if, for every other central 
extension 3i 0i — >■ 0, there exists a unique morphism g — 0i of central ex- 
tensions. This condition readily implies that universal central extensions are unique 
up to isomorphism. According to |Ne021 Prop. 1.13], a perfect Banach-Lie algebra 
for which i7^(g,R) is finite dimensional has a universal central extension 3 ^ — »■ 
satisfying i = H^{q,R)*. 

(e) We say that is centrally closed if H^{q, M) = {0}. From |Ne02bl Lemma 1.11, 
Cor. 1.14] it follows that a perfect central extension q: — J> with finite dimensional 
kernel which is centrally closed is universal. 

Definition 3.2. (a) Let {Q,9,d) be a hermitian Lie algebra, write (•,•) for the scalar 
product on p and let ujp {x, y) :— 2 Im(2;, y) be the corresponding symplectic form on p. 
We extend ujp to a skew-symmetric form ujp on satisfying i^Wp = for every x £ t. 
We claim that Wp is a 2-cocycle, i.e., an element of Z^(0,R). As uip is {-invariant, 
ixd.LOp = — d(ia;Cjp) — for a; G 5. Hence it remains to see that 

{dujp){x,y,z) = -^cjp([x,y],z) 

eye. 

vanishes for x,y,z E p, but this follows from [p, p] C t. 

We call ujp the canonical cocycle of the hermitian Lie algebra (0, L(0), d). 

(b) Let {g,6,d) be a hermitian Lie algebra and Up E Z^(g,M) be its canonical 
2-cocycle (Definition 13.2( a)). We write = K Qui^ for the corresponding central 
extension with the bracket 

[{z,x), {z',x')] := {ujp{x,x'), [x,x']). 

Since LUp is ^-invariant, 6{z,x) :— {z,'L{6)x) defines an involution on the Banach-Lie 
algebra g with eigenspace decomposition 

?=R®4 and p = p. 

We thus obtain a hermitian Lie algebra (Q,9,d). In Theorem 13.91 below we shall see 
how to obtain a corresponding Lie group. 

Lemma 3.3. Let (g,0, d) be irreducible hermitian and uj E Z^(0,M) be a continuous 
2-cocycle. Then the following assertions hold: 

(i) The class [uj] E /f^(0,M) can be represented by a cocycle vanishing on t x p. 

(ii) If LJ vanishes on i x J, then [uj] E M.[ujp\, where ujp is the canonical cocycle. 

Proof, (i) In view of |NelOe[ Thm. 9.1], the group e*'^^'' = g[o,27r]add ^^i^^ trivially on 
HI{q,M), so that 

^{x.y) -=^1 \{e'^'"'x,e'-^''v)dt 

■^We call a Lie algebra g perfect if g = [g,g], i.e., if it is spanned by all brackets. A topological Lie 
algebra g is called topologically perfect if the subspace [g, g] is dense in g. 
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is a 2-cocycle with the same cohomology class as w and which coincides with uj on 
t X t. Since uj is ad d- invariant, we obtain for a; £ f and j/ S p: 

= u}{[d,x\,y) +u){x, [d,y]) = lj{x, [d,y]), 

so that [d,p\ = p leads to p) = {0}. 

Suppose that a;, and hence also w, vanishes on t x From the Cartan formula we 
further obtain for x G { the relation CxUi = 6.{ixU}) = 0, so that w|pxp is a {-invariant 
alternating form, hence extends to a fi-invariant skew-hermitian form 

wc:pxp^C, ujc{x,y) ■.^uj{x,y) + iu]{-Ix,y), Ix=[d,x\. 

This form can be represented by a skew-hermitian operator A = —A* e B(p) via 

^c{x, y) = {Ax, y) for x, y e p. 

Now the t-invariance of wc implies that A commutes with adt, so that the irreducibility 
of the f- module p leads to A G iWl. We conclude that there exists a A S M with 

u}{x,y) = Rc{Xix,y) = -\lm{x,y) = - ^ujf{x,y), 

so that Lj = ~^u}p. □ 

Remark 3.4. (a) If g = gi 02 is a direct sum of topological Lie algebras, where 
H^{qj,R) — {0} for j — 1,2 and gi is topologically perfect, then H^{q,R) = {0}. 

In fact, if cj G Z^{9, R) is a cocycle, then the triviality of the cohomology of gi and 
02 implies that we may subtract a coboundary, so that we can assume that lo vanishes 
on Qj x Qj for j — 1,2. The cocycle property further implies that 

uj{[xi,X2],y) ^ for xi,X2 G gi,2/ G g2. 

Since gi is topologically perfect, we obtain lu = 0. 

(b) [Re0 2, Prop. 1.5]: If "H is a complex Hilbert space of any dimension, then the 
second continuous cohomology i/f (g[('H), C) of the complex Banach-Lie algebra gt(H) 
vanishes. This implies in particular that it also vanishes for all its real forms: 

H^{u{H),R) = {0} and H'^{uiH+,H-),R) = {0}. 

We now apply all this to the Lie algebras t corresponding to the hermitian operator 
groups from Section [51 

Example 3.5. Type I: (a) For g = Uros(?^+, ^-), we have t = u{n+) ® u('H_). 
If at least one space 'H± is infinite dimensional, then Remark I3.4f b) implies that 
H^(u{'H±),R) = {0}, and since u(H+) or u('H_) is perfect f p?e02l Lemma 1.3]), (a) 
leads to H^it,R) = {0}. 

Therefore every class [ui] G i?^(Urcs('H+, "H-), M) can be represented by a cocycle 
vanishing on f x 4, so that Lemma 13.31 shows that H^{Uics{'H+,H-),K.) = M.[ujp]. 
If not both H± are infinite dimensional, then Uics('H+,'H-) = u{H+,H-), so that 
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Reinark l3.4f b) implies that its second cohomology is trivial. In this case we therefore 
have H^{u,esiH+,H-),R) = 0. 

If both spaces 'H± are infinite dimensional, then the cocycle ujp leads to a central 
extension = Ui.os(H+, "H-) of g Ui.os('H+, H_) with { = M0u(H+)0u(H_), so that 
dim3({) = 3 and dim3(0) = 2. 

We claim that the Lie algebra g is centrally closed. To this end, we first recall the 
central R-extension of g described in |Ne02) whose cocycle is defined in terms of the 

(2 X 2)-block matrix structure of the elements x ~ [ ) of g by 



y) := tT{[x, y]ii) = tr(a;i2y2i - yi2a;2i)- 

(cf. |Ne02[ Rem. IV.5]). Identifying a Hilbert-Schmidt operator z e B2{'H-,'H+) with 
the corresponding matrix 

z* 0, 



this leads to 

w) — tT:{zw* — wz*) = 2i Initr(zu'*). 

This means that uj = iujp and thus |Ne021 Prop. IV. 8] implies that g is perfect and 
centrally closed, hence a universal central extension (Definition l3.1f e)V 

To obtain a (simply connected) Lie group G ~ Uros('H+,'H-) with Lie algebra g, 
we first consider the Banach-Lie algebra 

(cf. Appendix IC.5|) . Then 

cr:si-^s, cr{x) := {-itTXii,x) 

is a homomorphism of Lie algebras because the linear functional a{x) :— — itr(a;ii) on 
01 satisfies a{[x,y]) = —iuj(x, y) = LOp{x, y) for x, y € gi. As tr : Bi{'H+) — ?► C vanishes 
on [B{'H+), Bi{'H+)], the homomorphism a can be combined with the inclusion i ^ 
g, a; I— ?> (0, x) to a surjective homomorphism, 

gixit^g, {x,y) ^ {-itT{xii),x + y). 

Passing from gi to 

sgi := ker(tr|5,J = { d) = o}' 

we also obtain a surjective homomorphism 

7b : sgi x: « ^ g, (x, y) ^ {-i tr(xii), x + y). 
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(b) For the positive Ji?*-triple structure on p = i?2(^-,H+), the situation on the 
group level looks as follows. The subgroup K = IJ{'H+) x U('H-) C Urcs('H+,H_) is 
simply connected by Kuiper's Theorem, and the group 

Gi := {g eG: ||1 - gii||i < oo, ||1 - g22||i < 00} (5) 

is a Banach-Lie group with Lie algebra gi and a polar decomposition Gi ~ Ki exp(p), 
where 

Ki KnGi^ Vi{n+) X UiCH_) 
(cf. Remark lC.llI) . For the subgroup SGi kcr(dct: Gi — > T) we have 

5/^1 -KnSGi ^ {(fci,fc2) e U1CH+) X Vi{H-): det(fci) det(fc2) = 1}. 

Since Vi{'H±) = M x S\J{H±) holds for the universal covering group of Ui('H±), we 
have the universal covering group 

SKi '^RtK (SU(-H+) X SU(-H-)), 

which, according to the polar decomposition (cf. Remark IC.llI) , is contained in the 
universal covering group SGi of SGi . If G is a connected Lie group with Lie algebra 
g, the homomorphism 7^ integrates to a surjective homomorphism of Lie groups 

7G : 5^1 xiK ^G 

which restricts to 

7g: SKi xi K ^ K x K, {{t, ki, fca), ('«i,'"2)) ^^ (t, fciWi, ^2^2) 

(cf. [Ne021 Sect. IV], where this is used to construct G as a quotient group). The kernel 
of 7g is isomorphic to SU('H+) x SU('H_). 

(c) For the negative JiJ*-triple structure on p = B2{'H~,'H+) and G — Urcs('H), we 
define Gi and SGi as in ([5]). Then the inclusion S\J{H) — )■ SGi is a weak homotopy 
equivalence, and in particular SGi is simply connected (use |Ne02| Prop. 111.2(c)] and 
the polar decomposition) . We thus obtain a surjective homomorphism of Lie groups 
7g : SGi "A K ^ G which restricts to 

7g: SKi x K ^ K = T x K, {{t,ki,k2), (ui,W2)) i-> {t, kmi, fc2U2). 

(d) We also note that the positive Ji?*-triple structure {x, y, z} — ^{xy*z + zy*x) 
on L/+ :— B2{'H-,H+) leads to the Lie algebra 

q{U+) ^ Ures(H+,H-)AKl = ad(u,cs(H+,H-)), 

and if both 'H± are infinite dimensional, then we obtain the non-trivial central exten- 
sion 
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Accordingly, the negative JiJ*-triple structure {x, y, z} = —^{xy*z + zy*x) on f/_ := 
B2['H-T ,%+) leads to 

q{U-) ^ Ures(H)/^Ml = ad(Urcs(H)), 
and if both 'H± are infinite dimensional, we have the non-trivial central extension 

0(;7_) =tIrcs(H). 

Example 3.6. Type II/III: (a) For £ = u('H) and dimH = oo, RemarklXiTb') implies 
Hl{l, M) = {0}, and we obtain as above with Lemma that H^{5lp^.^^{'H), M) = R[ujp] 
and likewise that H'^{o;^^{'H),M.) = R[ujp]. According to (Ne02l Prop. 1.11], [wp] ^ 
in both cases, and [Ne0 2 , Prop. IV. 8] implies that g is centrally closed. Note that 
dim3(t) — 2 and dim3(0) = 1. 

(b) On the group level, we have for the positive J_ff* -triple structure in a similar 
fashion as for type I a Lie algebra gi = ti © p with ti = Ui('H) and a surjective 
homomorphism 

7:0ixi*->g, {x,y) ^ {-itT{xii),x + y). 
Again, K ~ U('H) is simply connected and the group 

Gi := {g e G: 111 - .gii||i < c», ||1 - g22||i < ^} (6) 

is a Banach-Lie group with Lie algebra gi and a polar decomposition Gi = Ki exp(p), 
where Ki :— K Ci Gi = Ui('H). From the polar decomposition we obtain in partic- 
ular 7ri(Gi) = 7ri(i4ri) = Z. Hence the universal covering group Gi contains Ki = 
Ui('H) = M K SUCH). Now 7 integrates to a surjective homomorphism of Lie groups 
7g : Gi yi K ^ G which restricts to 

"fa: Ki x K ^ K = Rx K, {{t, k),u) ^ (t, ku) 

(cf. p?e02l Sect. IV]). The kernel of 7g is isomorphic to SU(-H). 

(c) For the negative JiJ* -triples of type II/III we write 

/3±((a:, y), (x', y')) := {x, a{y')) T {x\ a{y)) 

and obtain 

G = 0(7{2,/3+)nU,es(H2), resp., ^^{7^ , P^) CM], 

In both cases K = (G'')o = {diag(g, g"^) : g G U(H)} = U(H). We define Gi as in 
([5]) and obtain Ki := Gi n G = Ui('H). From the polar decomposition and |Ne021 
Prop. III. 15], we derive that the inclusion Gi 02(?^^,/?+), resp., Gi Sp2(H^,/?-) 
are weak homotopy equivalences. This shows in particular that 7ri(Gi) = Z/2Z for 
type II and that Gi is simply connected for type III ( |Ne021 Thm. 11.14]). In both 
cases we have a surjective homomorphism of Lie groups 7g : Gi x: — > G, but the 
two types lead to different pictures for the subgroup Ki — (exp^^ ti). For type III 

we have Gi = Gi and Ki = Ki, but for type II, the group Ki is the unique 2-fold 
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covering of Ki = T k SU('H), i.e., Ki = T ix S\J{'H) with the universal covering map 
gCi : Gi ^ Gi satisfying qaA^, k) = (z^ fc) G T k SU(-H) ^ Ki. Put differently, the 
projection Vdet: Ki T, [z, fc) z is a square root of the pullback of the determinant 
to Ki which satisfies L(\/dct) — | tr. 

Example 3.7. Type IV: Since gc = o{M? ,HTi)c = o{C^ ®n), with H = (Hr^c, is 
the full orthogonal Lie algebra of the complex Hilbert space all its central 
extensions are trivial f }Ne02[ Prop. 1.7]). 

Remark 3.8. (a) From the preceding discussion, we conclude that if g is one of the 
hermitian Lie algebras 

Urcs(H+,H-), sp.jH), o;,,{H) or o(R2,Hr), 

the canonical central extension g is either trivial (type I with or "H- finite dimen- 
sional, and type IV), or g is the universal central extension of g (cf. Definition 13 . 1 f d) V 
The same holds for the c-dual Lie algebras 

UrUH+(BH-), sp,,,{Hl), Ores(H") and o{R^ ®Hr) 

(cf. Appendix [C?3| . 

(b) If {Q,9,d) is a full hermitian Lie algebra, then adg = g{p) holds for the cor- 
responding JiJ*-triple p. If 0(p) is the universal central extension of g{p) from (a), 
then the universal property (cf. Definition 13. ip implies the existence of a morphism 
a: 'g(p) -> g of central extensions of g(p). Then a maps the finite dimensional center 
3(g(p)) into 3(g), and with any decomposition 3(g) =30 Q(3(g(p))), we obtain a direct 
decomposition g = 3 a(g(p)), where a(g(p)) = [g,g] is the commutator algebra. 

For the classification of irreducible semibounded representations it therefore suffices 
to consider the simply connected Lie group G(p) with Lie algebra g(p). This is the 
approach we shall follow in Sections [7] and El The existence of G(p) is a consequence 
of the following theorem. 

Theorem 3.9. If{G,0,d) is full, then the Lie algebra ~ M.(Bup 9 is integrable, i.e., 
there exists a Lie group G with Lie algebra g. 

Moreover, g(p)c is integrable for every simple J H* -triple p. 

Proof. The Lie algebra g is clearly integrable if [ojp] — 0, because this implies that 
g'^M.^g. 

Since the adjoint representation yields a morphism Ad: G -> G(p) of the simply 
connected Lie groups with the Lie algebras g, resp., g(p), it suffices to show that 
g" :— R g(p) is integrable. Then the pullback of the corresponding central Lie 
group extension G" of G(p) by Ad is a central extension of G with Lie algebra g. 

We recall that the cocycle Wp is non-trivial for g(p) only if the JiJ* -triple p is 
of type I with dim7^± = 00 or of type II or III (Remark 13. 8p . We also know from 
|Ne021 Def. IV. 4, Prop. IV. 8] that the universal central extension g(p) of g(p) and its 
complexification are integrable. For Type II/III, the assertion follows from g(p) = g". 
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For type I with either or Ti.^ finite dimensional, we have for p positive G(p) = 
Ures(H+,'H-) = UCH+,H_) with G(p)c = GLCH+ ® H-), and for type IV we have 
for p positive G(p) ^ 0(1^2, Hr) with G(p)c = 0{<C? ®n) (Example EH]) • 

For Type I with 'H± both infinite dimensional and p positive, the identity com- 
ponent of the center of the simply connected Lie group G(p) with Lie algebra g(p) is 
isomorphic to 

R X T = M X {{tl.r^l): t e T} C M X U(H+) x U(-H_), 

where factorization of the circle subgroup yields a group with Lie algebra R®!^^ 0(p)- 
If p is negative, then 

Z(G(p))o ^ 9^ T X : i e T} C T X UCH+) x UCH_), 

where factorization of the second T- factor yields a group with Lie algebra M 0^^^ ^(p) 
(cf. the discussion of the corresponding groups in Remark I2.7p . The construction 

of the complex Lie group GLrcs(^+,^-) — Ui.cs(^+, ^-)c can be found in |Ne021 
Def. IV.4]. □ 

Remark 3.10. (a) If [p, p] = {0}, then the assertion of the preceding theorem is true 
for trivial reasons. In this case g = p x 4 leads to g = p x where p = R (Buj^ p is a 
Heisenberg algebra (cf. Example ll.Sf b)). Therefore G := Hcis(p) xif is a corresponding 
Lie group. 

(b) The Lie algebra cocycle Wp defines a G-invariant non-degenerate closed 2-form 
ri on M, for which ^1\k corresponds to uj^ under the natural identification T^k — P- 
Here the closedness of this 2-form follows from the closedness of its pullback q*Q, to 
G under the quotient map G — > G/ K — M which is a left invariant 2-form on G with 
(g*f7)i = cjp (cf. [CE481 Thm. 10.1]). 

On the central extension g = R©tjp g, the coadjoint action of G factors through an 
action of G, and the linear functional X{t^x) := t satisfies G\ — K, so that its orbit 
Ox = Ad*(G)A is isomorphic to G/K. Therefore the canonical action of G on the 
symplectic Kahler manifold (M, ft) is hamiltonian. 

Remark 3.11. Suppose that p is a simple infinite dimensional Ji?*-triple and let 
Q — p — g{p) be the universal central extension of g(p) (Remark 13. 8p . We now 
exhibit an inclusion of a Banach-Lie algebra ti ^ i such that gi := li ® p carries a 
natural Banach-Lie algebra structure with a continuous inclusion gi ^ g such that 
the summation map gi x € — g, (x, y) i— )■ a: -I- ?/ is a quotient homomorphism. We have 
the following cases: 

(loo) P = B2{'H-,H+) with both 7i± infinite dimensional, 

« = Reu(-H+)®u(-H_), h :=ui(H+)eui(H_), 

and gi ;= ^1 ® p C g[('H) with the inclusion gi g, a; (— itra;ii,x). 

(Ifin) p = B2{l-i-,l-i+) with or U- finite dimensional. Then I = u(-H+) ® u('H-), 
£i := Ui (■?{+) © Ui (■?{_) and gi := fii p C gl(H) with the canonical inclusion 
gi-^gCg(H). 
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(II) p = SkewzCH) = {Ae B2CH) : = -A}. Then t^R® u{n), ti := UiCH) and 

01 := ® p C gl{'H'^) with the inclusion gi Q given by x ^-^ (— «trxii,x). 

(III) p = SymaCH) = {A € B2{H): A'^ = A}. Then 6 ^ R © uCH), £1 := Ui{H) and 
fli := ti © p C 5l('H^) with the inclusion Bi '-^ given by a; (— itr a;ii, a;). 

(IV) p = -H^ ^ R2 ^ -Hr with a real Hilbert space Hm. Then i = S02{M.) ® o('Hr), 
ti := 502(M)® oi('Hm) and gi := ti®p C gi{M?®'Hs) with the canonical inclusion 
01 ^ S- 

4 Open invariant cones in hermitian Lie algebras 

If each open convex invariant cone in a Banach-Lie algebra g is trivial, then this 
holds in particular for the cone W^r of any semibounded unitary representation. As 
a consequence, every semibounded representation is bounded. Therefore we study in 
this section criteria for the triviality of open invariant cones in Banach-Lie algebras. 

4.1 Lie algebras with no open invariant cones 

Definition 4.1. We say that the Banach-Lie algebra t has no open invariant cones 
if each non-empty open invariant convex cone W C t coincides with fi. 

Lemma 4.2. (a) If n < t is a closed ideal, then {/n has no open invariant cones if 
and only if all open invariant cones in i intersect n. 

(b) Ifn<tisa closed ideal such that neither n nor t/n have open invariant cones, 
then 6 has no open invariant cones. 

(c) If t = ©"=1 ii is a direct sum of Lie algebras with no open invariant cones, 
then t has no open invariant cones. 

Proof, (a) Let q: { — > t/n denote the quotient map. If C 6 is an open invariant 
cone intersecting n trivially, then W + n = q~^{q{W)) is a proper open invariant cone 
in 6, hence q{W) is a proper open invariant cone in t/n. 

Now suppose that 6/n has no open invariant cones and let W C t be an open 
invariant cone. Since q{W) is an open invariant cone in t/n, it contains 0, which 
means that n n ^ 0. 

(b) Let 7^ C 4 be an open invariant cone. Prom (a) we derive that fl n is a 
non-empty open invariant cone in n. As n contains no open invariant cones, we obtain 
e VF n n C H^, and thus W = t 

(c) follows from (b) by induction. □ 

Example 4.3. If K is a connected Lie group with compact Lie algebra, then Ad(A') 
is compact, so that averaging with respect to Haar measure implies that every open 
invariant cone 7^ C { intersects 3(4). In particular, 6/3(6) has no open invariant 
cones because it is semisimple. 

Below we shall see that there is an interesting family of infinite dimensional Banach- 
Lie algebras behaving very much like compact ones. An important point of the trivi- 
ality of all open invariant cones is that this property permits us to draw conclusions 
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concerning boundedness of unitary representations, such as the fohowing. For the def- 
inition of boundedness and semiboundedness of a unitary representation, we refer to 
the introduction. 

Proposition 4.4. Let K be a Lie group for which has no open invariant cone. 

If {p,V) is a semibounded unitary representation of K for which p\z{K)a bounded, 
then (p, V) is bounded. In particular, every irreducible semibounded representation of 
K is bounded. 

Proof. Since p is semibounded, the open cone Wp C Ms non-trivial, and Lemina l4.2f a) 
imphes that Wp n 3(6) 7^ 0. The assumption that p\z{K)o is bounded further imphes 
that + Wp = Wp, which leads to G Wp, hence to Wp — i.e., p is bounded. 

If, in addition, p is irreducible, then p{Z{K)) C Tl follows from Schur's Lemma, 
and the preceding argument implies that p is bounded. □ 

4.2 Open invariant cones in unitary Lie algebras 

In this section we show that, for any real, complex or quaternionic Hilbert space "H, the 
Lie algebra u(?^)/3(u('H)) has no open invariant cones. Note that the center ^{u{H)) 
is only non-trivial for complex Hilbert spaces, where it is one-dimensional, and for 
2-dimensional real Hilbert spaces. 

Lemma 4.5. Let J be a set and Sj be the group of all permutations of J acting 
canonically on £°°{J,M.). Then every Sj-invariant non-empty open convex cone in 
£°°(J, R) contains a constant function. 

Proof. Step 1: If J is finite, then Sj is finite, so that the assertion follows by averaging. 
We may therefore assume that J is infinite. Let ^ C R) be an open Sj- 

invariant convex cone. Then W contains a constant function if and only if G VF-I-Rl, 
where 1 stands for the constant function 1. We may therefore assume that W = VK+Rl 
and show that € H^. 

Step 2: Since the functions x with only finitely many values are dense in ^°°(J, R), 
the cone W contains such an element. Let J = Jq U • • • U Jn be the corresponding 
decomposition of J for which x\j^, is constant Xk for fc = 1, . . . , iV. We write this as 

N 

X = ^XfcXJk, 

where xJk the characteristic function of Jk- Since J is infinite, there exists a k with 
l^fcl = \ J\- We may w.l.o.g. assume that fc = and observe that y := x ~ xqI € W . 

Fix fc > and put :— J \ {Jq U Jk). As | Jo| — | Jo x N|, there exist pairwise 
disjoint subsets J^ Q Jq, n Q N, and involutions (T„ € Sj with 

^n{.J'k)^Jk: f^ni Jk) = J'k and a„\J^^JJ^\Jr^ =id. 

Then y*^ :— V ° <^n coincides with y on Jk, and on Jq U J(. it is bounded by 

^\\y\\oo- Therefore ykXJk = Z/*"^ e W holds for fc = 1, . . . , N. 
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step 3: Let C J be any subset with | J \ Af| = | J| and observe that there 
exists a subset M' C Jq with the same cardinahty for which Jo \ M' stih has the same 
cardinahty as J. Since W is open, there exists an e > with z := y ± exM' G W and 
£ < lujl whenever yj ^ 0. Then the argument from Step 2 apphes to z instead of y, 
which leads to iexAf € W. We conclude that xw e iJ(VK). As 

(|MUJ\M|) = (|M'UJ\M'|), 

there exists a permutation a G Sj with (t(M) = A/', so that we also obtain xm € 
H{W). 

Step 4: From |J\ Jfe| > |Jo| = ^l, we further derive that XJk ^ H{W) for 
k — 1, . . . , N , and this eventually leads to y — X^aLi UkX.Jk ^ ^ 

Theorem 4.6. If % is a complex Hilbert space, then the Banach~Lie algebra pu('H) — 
u(?^)/IRil /las no non-trivial open invariant cones, i.e., each non-empty open invariant 
cone in uiJi) intersects Ril. 

Proof. If dimH < oo, then the assertion follows from the fact that pu('H) is a compact 
Lie algebra with trivial center. We may therefore assume that dimH — oo and that 
W C u('H) is an open invariant convex cone. 

Since the elements with finite spectrum are dense in u(H) by the Spectral Theorem, 
W contains such an element X. Let (ej)jgj be an orthonormal basis of T-l consisting 
of eigenvectors for X. Then the space t of all diagonal operators in u('H) with respect 
to (cj) is isomorphic to £°°{J,iM.), and since any permutation cr of the basis vectors 
corresponds to an element ito- G U(^), the invariance of W implies that the cone 
W D t C t = £°° {J, iM) is invariant under the action of Sj. It is non-empty because it 
contains X. Therefore Lemma l475l implies that W D iM.1 7^ 0. □ 

Theorem 4.7. IfHm is a real Hilbert space with dimT^R > 2, then the Banach-Lie 
algebra o('Hr) has no non-trivial open invariant cones. 

Proof. If 2 < 71 := dim^R < 00, then o('Hr) = so„(M) is a compact semisimple Lie 
algebra. Hence every open invariant convex cone in o(Hr) contains the only fixed 
point of the adjoint action, hence cannot be proper. 

We now assume that dim^R = 00 and choose an orthogonal complex structure / 
on 'Hr (cf . Example IC.6P . This complex structure defines on "Hr the structure of a 
complex Hilbert space H := ('Hr,/). 

Let W C o('Hr) be a non-empty open convex invariant cone and p: o('Hr) — ?► u('H) 
be the fixed point projection for the circle group e*'^'^^. Then p{W) — WD u('H) is 
a non-empty open invariant cone in u('H) f [NelQc[ Prop. 2.11]), so that Theorem 14.61 
implies that \I ^ W holds for some A G R. 

Let J: "H — > H be an anticonjugation (cf. Appendix IC.1|) . Then J G o{Hr) is a 
second complex structure anticommuting with /. This leads to [J, I] = JI — IJ = 2JI, 
and hence to '^'^•^ I = e'^-^I = -I. This shows that ±1 G W, which leads to eW, 
and finally to = o('Hr). □ 

Theorem 4.8. // "H is a quaternionic Hilbert space, then the Banach-Lie algebra 
Sp{'H) — Uh(H) has no non-trivial open invariant cones. 
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Proof. If dimH < oo, then sp{'H) is a compact simple Lie algebra, so that every open 
invariant cone contains 0, hence cannot be proper. 

Let denote the complex Hilbert space underlying Ti. and note that 'H'' can be 
written as /C^ , where /C is a complex Hilbert space and the quaternionic structure on H"" 
is given in terms of a conjugation r on /C by the anticonjugation a{v, w) := {—tw, tv) 
on /C^. Then 

sipCH) ^ {x e u(/C^) : ax = xa} 
contains the operator d{v, w) := (iv, —iw) whose centralizer is 

{x e sp{n) C gl{IC^) : xi2 = X21 = 0} {diag(a;, -x^) : x e u(/C)} ^ u(/C). 

Let W C sp(H) be a non-empty open convex invariant cone and p: sp{H) — > u(/C) 
be the fixed point projection for the circle group e'*'*'^'^. Then p{W) = W u{7i, I) is 
a non-empty open invariant cone in u(/C) ( [NelOci Prop. 2.11]), so that Theorem 14.61 
implies that Xd ^ W holds for some A G R. 

The Lie algebra sp{'H) also contains the operator K{v,w) := {—w,v) because it 
commutes with a. Hence W is also invariant under e*^'^-'^. From Kd = —dK it follows 
that 

[K, [K, d]] = -2[K, dK] = -2[K, d]K = AdK^ = -Ad, 
so that ef '^'^ ^d = -d leads to G W^, and finally loW ^ sp{n). □ 

4.3 Applications to hermitian Lie algebras 

Lemma 4.9. Let t be a Banach-Lie algebra for which t/^it) — ffijLi^j, where each 
tj is either compact semisimple or isomorphic to u{'H) / i{u{'H)) for a real, complex 
or quaternionic Hilbert space %. Then every non-empty open invariant convex cone 
wet intersects 3(f). 

Proof. In view of Theorems 14.61 and 14. 7[ 14.81 and Example 14.31 Lemma I4.2r c) im- 
plies that contains no open invariant cones. Hence the assertion follows from 
Lemma [42T a). □ 

Lemma 4.10. If {Q,9,d) is a full irreducible hermitian Lie algebra, thent/i{t) con- 
tains no open invariant cones. 

Proof. In view of Lemma l4Jl we only have to show that — aut(p)/3(aut(p)) (cf. 

([3])) has the required structure. This is an easy consequence of Theorem 12.61 

Type I: aut(p) ^ (u(H+) ® u(-H_))/Ri(l, 1) implies «/3(«) = pu('H+) © pu(H_). 

Type II/III: = pu(H). 

Type IV: - o(^r)- □ 

Proposition 4.11. // (g, 9, d) is a hermitian Lie algebra for which contains no 

open invariant cones, then every open invariant cone ^ C g intersects i{t). 
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Proof. Let p{ : g — >■ J denote the projection along p. This is the fixed point projection 
with respect to the action of the circle group e*'^'^'' C Aut(0), so that 

pJx) = — / e'^^'^xdi 

implies that pe{W) = W nt- (cf. [NelOc l Prop. 2.11]). We conclude that n t is a 
non-empty open invariant cone in t which intersects 3(6) by Lemma l4.2r a). □ 



5 Semiboundedness and positive energy 

In this section we start with our analysis of semibounded unitary representations of 
hermitian Lie groups. If (G, 9, d) is irreducible, we first show that each irreducible 
semibounded representation {tt,H) satisfies d e Wj^ U — W^r. If d G Wj^, then we call 
(tTj'H) a positive energy representation. In this case the maximal spectral value of the 
essentially selfadjoint operator idTT{d) is an eigenvalue and the if -representation {p, V) 
on the corresponding eigenspace is bounded and irreducible. Since (tt, Ti) is uniquely 
determined by {p, V), we call a bounded representation (p, V) of K (holomorphically) 
inducible if it corresponds in this way to a unitary representation (tTj'H) of G. The 
classification of the holomorphically inducible representations (p, V) is carried out for 
flat, negatively and positively curved spaces G/K \n Sections [6]|8l 

5.1 Prom semiboundedness to positive energy 

From the introduction we recall the concept of a semibounded unitary representation 
and the corresponding open invariant cone W^. 

Definition 5.1. Let {G,9,d) be a connected hermitian Banach-Lie group. 

(a) A unitary representation (7r,'H) of a hermitian Lie group G is called a posi- 
tive energy representation if sup Spec(id7r(d)) < 00, i.e., if the infinitesimal generator 
—idTT{d) of the one-parameter group 7r(exptd) is bounded from below. Note that this 
requirement is weaker than the condition d e W^. 

(b) We recall that 6c + is a closed subalgebra of gc defining a complex structure 
on the homogeneous space M :— G/K. Let {p, V) be a bounded representation of K 
and define a bounded Lie algebra representation /3: p+ x tc — > B{V) by /3(p'^) — {0} 
and /3|{ = dp (cf. (P). Then the associated Hilbert bundle Y = G Xk V over G/K 
carries the structure of a holomorphic bundle on which G acts by holomorphic bundle 
automorphisms f |NelOc[ Thm. 1.6]). A unitary representation {tt,T-L) of G is said 
to be holomorphically induced from {p, V) if there exists a G-equivariant realization 
\[': H ^ r(V) as a Hilbert space of holomorphic sections such that the evaluation 
eviif : H V = Yik defines an isometric embedding ev^^: V ^ H. If a unitary 
representation {n,'H) holomorphically induced from (p^V) exists, then it is uniquely 
determined f jNelOdi Def. 2.10]) and we call {p,V) (holomorphically) inducible. 

This concept of inducibility involves a choice of sign. Replacing d hy —d changes 
the complex structure on G/K and exchanges p+ with p^. 
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Theorem 5.2. Let {n,'H) be a semihounded representation of the hermitian Lie group 
G for which contains no open invariant cones. Then the following assertions 

hold: 

(i) ''^\z(K)o '■^ semihounded and W^r ii^) 7^ 0- 

(ii) TT is a direct sum of representations which are bounded on Z{G). 

(iii) If TT is bounded on Z(G)o and {G,9,d) is irreducible, then d G W-^ U —W^r. If 

d e Wt^, then it is a positive energy representation, and if d E — Wtt, then the 
dual representation tt* is. 

(iv) // (G, 6, d) is irreducible and tt is irreducible, then d £ W^^ U — W^r- 

Proof, (i) The representation ( :— n\z(K)o satisfies 3 W-^ n 3(4), and Proposi- 
tion 14.111 implies that the latter open cone is non-empty. 

(ii) From (i) it follows that 7t\z(k)o is semihounded, hence given by a regular 
spectral measure on the dual space 3(6)' (^ |Ne09[ Thm. 4.1]). Now the regularity of the 
spectral measure implies (ii). 

(iii) If TT is bounded on Z{G)o, then 3(g) -I- Wyr = W^r, so that 

0^ VK,n3(«) =3(0)0 (VK^nMd) 

follows from 3(6) = Rd® 3(0) (Remark ICT d)). This proves (iii). If d e W^, then tt is 
a positive energy representation and otherwise tt* with Wt^' = — W^ has this property. 

(iv) If TT is irreducible, then tt{Z{G)) C T1 follows from Schur's Lemma. In partic- 
ular, tt\z(g) is bounded, so that (iii) applies. □ 

Lemma 5.3. Suppose that {G,6,d) is a hermitian Lie group and that (7r,'H) is a 
smooth unitary representation ofG. Then the following assertions hold: 

(a) H decomposes into Z{K)(j-eigenspaces, which coincide with the exp{Rd)-eigenspaces 

'Hx = {v en-, {yt e R) 7r(exp td)v = e'^^v}, A G R. 

(b) The corresponding projections P\ : "H — > Hx preserve the space 1-1°° of smooth 

vectors. In particular, 11°° HUx I) Px{'H°°) is dense in ILx for every A. 

(c) //A := sup Spec(id7r(d)) < 00, i.e., {tt,'H) is a positive energy representation, then 

{0} ^11°° nux c {n°°Y' . 

Proof, (a) Since tt is irreducible, tt{Z{G)) C T1 follows from Schur's Lemma. We 
consider the representation of the abelian group 

Z(X)o = exp(3(«)) = Z(G)oexp(Md) 

on H (Remark[231). From tt{Z{G)) C T1 and exp(27r(i) e Z{G), we derive that 

tt{Z{K)o) = 7r(Z(G)o)7r(exp([0,27r](i)) C T7r(exp([0, 27r]d)) 
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is relatively compact in the strong operator topology, so that % is an orthogonal direct 
sum of Z(i^)o-eigenspaces which coincide with the exp(Rd)-eigenspaces. Suppose that 
7r(exp27rd) = e^"''°l, so that n - fio ^ whenever ^ {0}. Then 

1 r^"" 

PuV := — / e"**''7r(exptd)wdi 

is the orthogonal projection onto H^. 

(b) All these projections preserve f [NelOd[ Prop. 3.4(i)]), so that P^{n°°) = 
n is dense in "H^ = Pf,{H). 

(c) If A :— sup(Spec(id.7r(c?))) is finite and v € Hx any smooth vector, then 
dTT{p-)v e Hx+i = {0}. □ 

Theorem 5.4. Suppose that {G,9,d) is a hermitian Lie group for which con- 
tains no open invariant cones. For any irreducible semibounded positive energy rep- 
resentation (7r,H) of G, the K -representation p on V := {'H°°)f^ is bounded and 
irreducible, and (vTj'H) is holomorphically induced from {p,V). 

Proof. The smoothness of p follows from the density oi V D H°° in V. Since tt is 
semibounded, the corresponding cone W^^ is non-empty, and we know from Proposi- 
tion HjT] that n 0) ^ 0. We conclude that the open cone Wp 3 Wjr f also 
intersects 3(4). 

From Lemma Site) we know that Vx -.^ V mix ^ {0}. Since V°° := V n n°° 
is dense in V and Px-invariant, the subspace = Px{V°°) is dense in Vx- The 
representation px oiK on Vx satisfies px{Z{K)o) C Tl, which implies that }{t)-\-Wp^ = 
Wp^. As the open invariant cone Wp^ in J also intersects 3(6) (Lemma I4.9p . we obtain 
Wp^ = 4, i.e., Px is bounded. 

Now we apply |NelOd[ Thm. 2.17] to the closed subspace Vx H and the repre- 
sentation of p"*" X tc on Vx defined by (3{p^) = {0}. We derive in particular that (tt, H) 
is holomorphically induced from [px, Vx) and hence that the irreducibility of tt implies 
the irreducibility of px f |NelOdl Cor. 2.14]). 

We obtain in particular Vx C "H", so that U{q)cV^ spans a dense subspace of T-L. 
Next we use the PBW Theorem to see that 

uiBcwr - c/(p+)c/(«c)t/(p-)vr - uip+)v^, 

and the eigenvalues of — id7r((i) on this space are contained in A + No. In particular, 
A is the minimal eigenvalue of —id'K(d) on "H. Since the same argument applies to all 
other eigenvalues of —idTT{d) in V, they are equal, so that V — Vx- □ 

Remark 5.5. In view of Theorem 15.41 every irreducible semibounded representation 
(tt, H) of G is determined by the bounded irreducible ^-representation (p, V). Accord- 
ing to [NelOdj Cor. 2.16], two such G-representations {TTj,T-Lj), j = 1, 2, are equivalent 
if and only if the corresponding if- representations {pj,Vj) are equivalent. Therefore 
the classification of the separable semibounded irreducible G-representations means to 
determine the inducible bounded irreducible representations {p, V) of K. 
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The following theorem follows from [NelOdl Thm. 3.7, Thm. 3.14]. In particular, it 
provides a criterion for semiboundedness of a (^-representation in terms of boundedness 
of a JC-representation plus a positive energy condition. 

Theorem 5.6. // {■n,'H) is a smooth positive energy representation for which the K- 
representation p on V :— is bounded, then it is holomorphically induced from 

(p, V) and it is semibounded with d G . 

Proposition 5.7. If the irreducible hermitian Lie group {G,6,d) has a bounded uni- 
tary representation with d7r(p) 7^ {0}, then the J H* -triple p is negative. 

Proof. Let {tt^H) be a bounded unitary representation with d7r(p) ^ {0}. Then 
kerdTT < g is a closed ideal, so that the simplicity of the J_ff* -triple p implies that 
p n kerdTT — {0}, hence that kerdTr C keradp = 3(0)- We may therefore assume that 
dTT is faithful, so that ||a;|| := ||d7r(a;)|| defines an invariant norm on g. 

Since {G,6,d) is irreducible, either p is flat, positive or negative. If p is flat, then 
p -f [p, p] is a 2-step nilpotent Lie subalgebra and p -f [p, p] -|- Rd is solvable and locally 
finite, i.e., every finite subset generates a finite dimensional subalgebra. For a finite 
dimensional Lie algebra, the existence of an invariant norm implies that it is compact. 
If it is also solvable, it must be abelian, but p + [p,p] + Rd is non-abelian. Therefore 
p is not flat. 

If p is positive, then jKa83[ Lemma 3.3] implies the existence of an element z G p 
which is a tripotent for the Jordan triple structure, i.e., {z,z,z} = z. Then :— 
Kz -|- R[ci, z] -\- R[z, [d, z]] is a ^-invariant subalgebra of g isomorphic to s[2(R). This 
contradicts the existence of an invariant norm. Therefore p is negative. □ 

Remark 5.8. If (tt, H) is a semibounded representation with d G Wtt, then the bound- 
edness of TT is equivalent to the boundedness of the operator dTT{d). In fact, the bound- 
edness of d7r(d) implies that d G Wt, n — Wjr, hence that W^r n —Wt^ 7^ 0. But this 
implies that G Wtt, i.e., = g. 

5.2 Necessary conditions for inducibility 

In this subsection we discuss some necessary conditions for inducibility of a bounded 
representation {p, V) of K. To evaluate these conditions in concrete cases, we also 
express them in terms of root decompositions. 

Definition 5.9. (a) Let Cp C J be the closed convex cone generated by the elements 
of the form i[z* , z], z G p^. 

(b) For a convex cone C C J, a smooth unitary representation (p, V) of K is said 
to be C-dissipative if idp{y) < for y G C. 

Remark 5.10. (a) Since its set of generators is Ad(i4r)-invariant, the cone Cp C Ms 
Ad(iir)-invariant. In general it does not have any interior points. For the hermitian Lie 
algebras g = Ui.cs('H+,'H-), sp,.(,s('H) and o*.^g{V.), the cone Cp lies in the subspace of 
compact operators in t, so that it never has interior points with respect to the operator 
norm. 



29 



(b) Passing from q = t+p to the c-dual symmetric Lie algebra g° = C gc does 
not change the subspaces p"*" C = So f*^'^ z G pc the corresponding element z* 
changes sign. This leads to Cip — —Cp. 

(c) The elements in p+ can also be written as a; — ilx, x e p, where / — adp d is 
the canonical complex structure on p. We then have 

i[{x — ilx)* , X — ilx] = i[—x — ilx, x — ilx] = 2[Ix, x]. 

Lemma 5.11. If the K -representation {p,V) is inducible, then 

dp{[z*,z])>0 for zep+, (7) 

i.e., {p,V) is Cp-dissipative. 

Proof. If the G-representation {tt,T-Lv) is holomorphically induced from {p,V), then 
we have for v E {H°°y and z G p+ the relation 

{dp{[z* , z])v , v) — ([d7r(z*), d7r(z)]w, w) — (d7r(z*)d7r(z)w, w) — \\dn{z)v\\'^ > 0. 

Since {'H°°y is dense in V and dp{[z*,z]) is bounded, this proves ([7]). □ 

Example 5.12. Consider the full hermitian Lie algebra g = Ures('H), where the invo- 
lution is obtained from a decomposition H = ® "H- and the element 

i fl 

a := — 



. For z e B2{H-,'H+) we have 



2 VO 



Then* = u(H+)®u(H_) and p+ = {^^ 52(H^,H^ 



z 






z* 



zz 






-z* z 



Therefore 



Cp C {(a,d) e «: i • a > 0,-i • d> 0}. 
(b) For the c-dual Lie algebra g"^ = Ui.cs('H+, "H-), we find that 

Cp C {(a, d) e « : - m > 0, id > 0}. 

The most effective way to draw further consequences from the necessary condition 
Lemma [5. 11 1 is to use root decompositions (see Appendix I C. 2 1 for detailed definitions). 

Lemma 5.13. Suppose that q — i + p is hermitian, t C J is maximal abelian in Q, and 
g^ = Cxa with Qc{xa) ^ s[2(C). Then the following assertions hold: 

(i) If Xa G Jc; then a is compact, i.e., a £ Ac. 

(ii) If p is a negative/positive JH* -triple and Xa G pC; then a is compact/non- 

compact. 
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(iii) // (/3, V) is a * -representation of qc on a pre-Hilbert space and v\ G V an eigen- 
vector of g'^" + tc, then 




< for a e Ac 
> for a e An 



Proof (i) If e C then the real Lie algebra g(a) :— Qc{xa) H g C { has a 
non- trivial bounded representation adp, hence is compact. Now Lemma IC.2I implies 
that a G Ac- 

(ii) The 3-dimensional Lie algebra Q{ct) — gci^a) H g is hermitian with da '■— —fa 
and = Cxa- Now 

Therefore the JH*-tiip\e Cx^ is positive if g{a) = sui^i(C) and negative if 0(0;) = 
SU2(C) fLemma lC.2l) . 

(iii) As in the proof of Lemma I5.11[ we obtain for a unit vector vx of weight A and 

G 3c'- 

X{K,Xa]) = {pi[xl,xa])v,v) = (/3(xo)*/3(x„)«,«) = \\l3ixa)vf > 0. 
Now (iii) follows from ^ in Definition [C31 □ 

Example 5.14. (Example 15.121 continued) For the Hilbert space 7i = H+ © H^, we 
choose an orthonormal basis {ej)j<£,j such that J = J+ U J-, where {ej)je.i± is an 
orthonormal basis of "Hi. 

(a) For the Lie algebra q — Urcs('H), the subalgebra 

t:^{X Eq: (Vj e J) Xcj £ Ce^} ^ £°^{J, iR) 

is elliptic and maximal abelian with root system 

A = A, = {ej -Ek-. j^keJ} 

(cf. Example IC.4[) . From A+ = {ej — Sk'- j & J+^k e J_} (Example lC.7[) . we therefore 
get Ejj — Ekk G iCp for j £ J^,k <£ J_. For any weight — (/ij ) jg j of a representation 
(p, V) of K , the relation dp([z*, z]) > for each z e p+ now implies 

< ^lk for jeJ+,keJ-, i.e., snp{p+) < mi{fi-) for a^±:=m|j±. (8) 

(b) For the c-dual Lie algebra ~ Urcs('H+, H-), the sets A/c and A^ are the 
same, but we have E*f, = —Ekj for j E J+, k E J^, so that Ac = Ajt and A„c = Ap. 
For any weight /i = {fij)j^j of a representation (p, V) of iiT, the relation dp([z* , z]) > 
therefore implies 

> fik for jEJ+,kEJ-, i.e., inf(^+) > sup(^_). (9) 
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5.3 The Reduction Theorem 



Suppose that (G, 9, d) is a simply connected full hermitian Lie group for which K ]s & 
direct product of a finite dimensional Lie group with compact Lie algebra and groups 
isomorphic to full unitary groups U('H), where T-L is an infinite dimensional real, com- 
plex or quaternionic Hilbert space. We write Koo f9 K for the normal integral sub- 
group obtained by replacing each U(H)-factor by Uoo(H). In Theorem 15 . 1 71 below we 
show that bounded irreducible representations (p, V) of K are tensor products of two 
bounded irreducible representations (po:K)) and (pi,Vi), where Po\k^ is irreducible 
and Kao C ker pi . In this section we see how this can be used to derive a factorization 
of irreducible semibounded representations, resp., to reduce the inducibility problem 
to the case p = po. 

We start with a general lemma on unitary representations of discrete groups. 

Lemma 5.15. (Factorization Lemma) Let G be a group, N < G be a normal subgroup 
and {'K^'H) be an irreducible unitary representation of G such that the restriction ■k\n 
contains an irreducible representation (ttqj'Ho) whose equivalence class is G-invariant. 
Let 

G := {{g,u) e G X Vino): (in e N) iroigng-^) = uTTo{n)u*} 

denote the corresponding central T-extension of G with kernel Z := {1} x Tl and note 
that a: N ^ G,n^ (n^ixoin)) defines a group homomorphism. Then 

(a) 7fo(g,u) :— u defines an irreducible representation (no, Ho) of G for which noocr = 

ttq is irreducible, and there exists 

(b) an irreducible representation (ttij'Hi) o/G with cr(iV) C kerTTi and Tri(l,t) = t~^l 

for t G T, 

such that (7*7r ^ ttq <8) tt i holds for the projection map q: G ^ G. 

Proof. Our assumption implies that G preserves the TTQ-isotypic subspace for 'it\m, so 
that the irreducibility of tt implies that 7r|jv is of the form ttq (8) tti, where [no, Ho) is 
irreducible and (ttij'Hi) is trivial. Since the class [ttq] € TV is G-invariant, the map 
G ^ G, {g, u) I— > (7 is surjective with kernel {1} x Tl, hence a central extension. Clearly, 
(ttq, ?^o) is a unitary representation of G whose restriction to a{N) is irreducible. Since 
the operators (ifoig, u)(^l)~^TT{g) commute with 7r(A^), they are of the form lig)7ri(g, u) 
for some unitary operator 7fi(g, u) S lJ{Hi). By definition, 7fi(n, 7ro(n)) = 1 for n G A^. 
That TTi is a representation follows from 

I(8)7fi((.gi,ui)(g2,it2)) = (7fo(.9i5'2,uiM2) fXi l) ^(51^2) 
= {u2^Ui^ «) l)7r(5i)7r(52) (^2"^ 1){1 <»ni{gi,ui))n{g2) 
= (1 (X) Tfi{gi,ui)){u2^ <S) l)7r(g2) = (1 «) 7fi(5i,ui))(l ni{g2,U2)). □ 

Lemma 5.16. Let Kj, j = l,...,n, be Lie groups for which all bounded unitary 
representations are direct sums of irreducible ones. Then the same holds for the product 
group K :— 11^=1 ^^j '^'^'^ each bounded irreducible representation of K is a tensor 
product of bounded irreducible representations of the Kj . 
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Proof. We argue by induction, so that it suffices to consider the case n = 2. Let (tt, V.) 
be a bounded unitary representation of if = Ki x K2. Since '!^\ki is a direct sum of 
irreducible representations, we obtain a decomposition of T-L into isotypical subspaces 
T-Lj which are also invariant under K2. Hence we may assume that Trjifj is isotypical, 
so that H = 'Hi(^y.2 and 7r(/ci, ^2) = 7ri(fci) (g) 7r2(A;2), where (tti,?^!) is an irreducible 
representation of Ki. As (7^2,^-2) also is a direct sum of irreducible representations, 
the assertion follows from the fact that tensor products of irreducible representations 
of Ki, resp., K2, define irreducible representations of Ki x K2. □ 

Theorem 5.17. Suppose that K — JljLo product of connected Lie groups, 

where Kq has a compact Lie algebra and the groups Kj, j > 0, are isomorphic to a 
full unitary group U('Hj) of an infinite dimensional Hilbert space Hj over M,C or H. 
Accordingly, we define Kj, 00 as Uoo('Hj). Then 

n 

Koo := KqxYI Kj^oo 
i=i 

is a normal Lie subgroup and each irreducible bounded representation (p, V) of K is a 
tensor product of two bounded irreducible representations {po,Vo) and {pi,Vi), where 
Pol if 00 irreducible and K^o ^ kcrpi. 

Proof. Each bounded representation of Kj extends to a holomorphic representation of 
its universal complexification Kj c- For the groups of the form Uoo('Hj) where Hj is 
complex, it therefore follows from |Ne981 Thm. III. 14] that all bounded representations 
are direct sums of irreducible ones, and if T-Lj is a Hilbert spaces over IK = R, H, this 
is a consequence of Theorems ID.5I and ID. 61 Since Kq has a compact Lie algebra, 
it is a product Kq — Zq x Kq, where Kq is compact semisimple and Zq is abelian. 
Since every continuous unitary representation of Kq is a direct sum of irreducible ones 
and p{Zq) C T1 by Schur's Lemma, Lemma 15.161 implies that the restriction p\k^ 
is a direct sum of irreducible representations which in turn are tensor products of 
irreducible ones. 

Since each bounded irreducible representation of Uoo('H) extends to U('H) (cf. Def- 
inition ID. 31 and Theorems ID. 51 and ID. 61) , the same holds for the bounded irreducible 
representations of Kao- Hence the assertion follows from Lemma [5.151 which applies 
with the trivial central extension K ^ T x K oi K. □ 

Let (G, 9, d) be a simply connected full irreducible hermitian Lie group for which 
K = (G^)o satisfies the assumption of Theorem 15.171 Then [p,p] ^ too = ^'{Koo) 
follows from the concrete description of p in all types (cf. Remark |2.7|) . Therefore each 
bounded irreducible representation (p, V) of -fC is a tensor product of two bounded 
irreducible representations {po, Vq) and (pi, Vi), where Po\k^ is irreducible and Krx, C 
ker pi . 

From [p,p] C we derive the existence of a homomorphism p: G ^ KlK.ao, so 
that, if : KjKao U('Hi) denotes the induced representation of the quotient group, 
then TTi := pi op is a bounded irreducible representation of G. If (po, Vb) is extendable 
to a semibounded representation (ttqj'Ho) of G, then 

TT := TTo ® TTl, 'R:='Rq® V\ 
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defines a semibounded unitary representation oi G on 'H which is holomorphicahy 
induced from the irreducible representation (p, V^), hence irreducible. 

Theorem 5.18. If{G,9,d) is a simply connected full irreducible hermitian Lie group 
for which K — (G*)o satisfies the assumptions of Theorem \5.17\ then the representa- 
tion {p, V) is holomorphically inducible if and only if (po, Vo) has this property. 

Proof. We know from Theorem IB. II below that (p, V) is holomorphically inducible if 
and only if the corresponding function fp on a 1-neighborhood of G, defined by 

/p(expx) = i^p(a;) and * a;o * = e^''^"^"), a;± e p=^, € fic, 

is positive definite on a 1-neighborhood in G. From the factorization of p, we obtain 
a factorization 

which leads to 

fpigh-^) - fpoigh-') ® Mgh-') = (l ® Mg)){fp„{gh-') ® 1)(1 ® n^ih))*. 

Therefore the function fp is positive definite if and only if /p,, is positive definite (cf. 
Remark IA.2p . and this shows that {p,V) is inducible if and only if (po,Vo) has this 
property. □ 

Remark 5.19. In view of Theorem 15.181 the classification problem for irreducible 
semibounded representations of G reduces to the classification of the inducible irre- 
ducible bounded representations for which p|i<-^ is irreducible and the disjoint problem 
of the classification of irreducible bounded representations of the group K/Koo- The 
latter contains in particular the classification problem for irreducible bounded represen- 
tations of groups like U(H)/ Uoo('H), which is the identity component of the unitary 
group of the C*-algebra B {H) / K (H) . For a construction procedure for irreducible 
unitary representations of unitary groups of C*-algebras, we refer to [BNllj . 

5.4 Triple decompositions in complex groups 

This brief subsection sets the stage for a uniform treatment of the inducibility problem 
for bounded if -representations (p, V) for groups related to positive and negative JH*- 
triples. 

Lemma 5.20. Let (G, 9, d) be a hermitian Lie group, Gc be a complex Lie group 
with Lie algebra gc, := expp*, and Kc ■— (expfic) be the Lie subgroup of Gc 
corresponding to tc- Then the multiplication map 

fi: X Kc X P^ — > Gc, {p+, k,p-) i-> p+kp- 

is biholomorphic onto an open subset of Gc and the subgroups P^ are simply connected. 
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Proof. The existence of the Lie subgroups and Kc of Gc follows from the fact 
the Lie algebras p"^ and are closed ( |Mais62) ). That the subgroups are simply 
connected follows from 

Ad(expz)d = e'^'^^d = d+ = d=F iz for zep^, 

which implies that exp |p± is injective. It also shows that, for p± G P*, the relation 
Ad{p±)d = d implies p± ^ 1. 

The map /i is an orbit map for the holomorphic action of the direct product group 
P+ X {Kc x P~)°P on Gc by {g,h).x := gxh. Since its differential in (1,1,1) is 
the summation map, hence invertible, it follows from the complex Inverse Function 
Theorem that is a covering map onto an open subset of Gc- Therefore it remains to 
show that the fiber of 1 is trivial. If p^kp^ = 1, then p+ = pZ^k~^ implies that 

Ad{p+)d -d = Ad{pZ^k-^)d - d = AdipZ^)d -dep+np- = {0}, 

so that p+ = p- = 1. It follows that /i is injective, hence biholoniorphic onto its 
image. □ 

Now we consider a simply connected hermitian Lie group (G, 0, d) for which there 
exists a simply connected Lie group Gc with Lie algebra gc- This assumption is 
satisfied if G is the simply connected Lie group with Lie algebra q = g{p) (Theo- 
rem 13. 9p . Then there exists a homomorphism rjc'- G Gc integrating the inclusion 
^ flc- Since L(ryG') is injective, the kernel of rja is discrete. This in turn implies that 
tjcIk- K Gc has a discrete kernel, so that the Complexification Theorem in |GN03[ 
Thm. IV. 7] implies the existence of a universal complexification r]ii : K — >■ of K . 
Let Kc := (cxpfic) Q Gc denote the integral subgroup corresponding to tc C and 
Qc '■ Kc — >■ Kc be the natural map whose existence follows from the universal property 
of Kc- We then obtain a covering map 

Jl: P+ X Kc X P- ^ n := P+KcP^ C Gc, ip+,k,p-) p+qc{k)p-- 

Let f7 C p be a iiT-invariant open convex symmetric 0-neighborhood for which the 
map U X K ^ exp{U)K, (x, k) i— >■ exp a; • fc is a diffeomorphism onto an open subset 
Ug — exp{U)K of G contained in r]Q^{fl). The if-invariance and the symmetry of U 
imply that 

Ug = exp{U)K = K cxpU = K cxp{-U) = U^^K 

Let 

T^g'-Ug^ P+ X Kcx P- 

be the unique continuous lift of ??g|c/g with ?7g(1) = (Ijl,!) and Jl o rjG = VgIug- 
Writing x — {x+,xo,x^) for the elements of P+ x Kc x P~, we thus obtain an 
analytic map 

k:Ug^Kc, g^VGig)o- 

From the uniqueness of lifts and the fact that K normalizes P^ , we derive that k is 
i^T-biequivariant, i.e., 

K{kigk2) — kiK.{g)k2 for g G G, fci,fc2 € K- 
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For a bounded representation (p, V) of K and its holomorphic extension 

PC'- GL(F) with Pc^flK ^ P, 

we now obtain the analytic function 

fp-.^ Pcok:Ug^GL{V) (10) 

which coincides with the corresponding function in Theorem IB. II in an identity neigh- 
borhood. Now let C J7 be an open symmetric _?C-invariant 0-neighborhood for 
which Wg C Ug satisfies WgW^^ = WgWg ^Ug- We write Mw ■.= Wg/K for the 
corresponding open subset of M = G/ K . From the equivariance property 

fp{kigk2) = p{ki)fp{g)p{k2) for 5 £ G, ki, k2 E K, 

it follows that fp defines a kernel function 

Fp-.Mwx Mw ^ B{V), {gK.hK) ^ {fp{h)-^rfp{h-^g)fp{g)-\ 

The kernel Fp is hermitian in the sense that 

Fp{z,w)* = Fp{w, z) for z,w€Mw- 

Moreover, for each h £ G, the function 

G ^ BiV), g ^ {fp{h)-^rfp{h-'g)fp{g)-' 

is annihilated by the left invariant differential operators Lw, w G p^, because fp has 
this property, which in turn is a consequence of the construction of k. Therefore Fp 
is holomorphic in the first argument f |NelOdl Def. 1.3]), and since it is hermitian, 
it is antiholomorphic in the second argument, i.e., holomorphic as a function on the 
complex manifold M-^ x Mw because we know already that it is smooth. Here Mw 
denotes the complex manifold Mw, endowed with the opposite complex structure. 

Proposition 5.21. Let {G,9,d) he a hermitian Lie group for which gc is integrable 
and Mw = Wg / K be as above. Then the following are equivalent for a hounded unitary 
representation {p,V) of K : 

(i) The representation (p, V) is holomorphically inducible. 

(ii) The function fp is positive definite on WgWq^ . 

(iii) The holomorphic kernel Fp on Mw x Mw is positive definite. 

Proof. Since fp is analytic, the Extension Theorem IA.7I implies that it is positive 
definite if and only if it is positive definite on some identity neighborhood. Therefore 
the equivalence of (i) and (ii) follows from Theorem lB.il 

Further, Remark IA.2I implies that the kernel Fp is positive definite if and only if 
fp is a positive definite function, so that (ii) and (iii) are also equivalent. □ 
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Remark 5.22. Suppose that p is a simple Ji?*-triple and g = 5(p), so that gc is 
integrable (Theorem 13. 9p . As we have seen in Remark I3.11[ the simply connected 
group G with Lie algebra Q{p) is a quotient of a semidirect product Gi xi — G, 
where Gi is the simply connected covering of a group of operators. Then fp is positive 
definite on WqWq^ if and only if its puUback fp to Gi xi if is positive definite, but 
this function satisfies 

= p{k2Tfpii92^9i, l))p(^i), 

so that fp is positive definite if and only if the restriction fploi is positive definite 
(Remark IA.2p . For Ki :— (G^)o, the function fp only depends on the representation 
p: Ki — > V{V) obtained by pulling p back by the canonical map Ki — > K. 

6 Motion groups and their central extensions 

In this section we obtain a complete classification of the irreducible semibounded 
representations of the hermitian motion group G = p Xc, if and of its canonical central 
extension G — Heis(p) Xq if (Example II .3^ . For G = p x i^T, Theorem 16.11 asserts 
that all semibounded unitary representation are trivial on p, hence factor through 
(semibounded) representations K. If, in addition, contains no invariant cones, 

then Proposition 14. 41 shows that all semibounded irreducible representations of K are 
bounded. For the central extension G, Theorem l6. 21 asserts that a bounded irreducible 
representation {p,V) oi K — x K with p{t, 1) = e*"^*! on the center is inducible if 
and only if c > 0. 

Theorem 6.1. // [p,p] = {0} and G = p x K , then all semibounded unitary represen- 
tations (7r,'H) factor through K, i.e., p C kerdTr. 

Proof. Let (tt, T-L) be a semibounded unitary representation of G and G := G x M. We 
consider the representation tt of G defined by Tf{g,t) := e^*TT{g). Since 0, the 

open cone Gj of all elements a; of g = g M for which sjf < holds on a neighborhood 
of X is non-empty. For the abelian ideal p of g, we thus obtain from [NelOcI Lemma 7.6] 
that 

Gff + p = Gs + [d, p] c Gs + [p, g] ^ Gs, 
and hence that p C iJ(G5f) — kerdTr. □ 

Now we turn to the central extension 

G = Heis(p) X K = p(B (R® K) 

with Lie algebra g = M (Buj^ g, where ojp{x,y) — 2lm{x,y). We assume that 
contains no open invariant cones. From Theorem 15.41 we know that every irreducible 
semibounded representation (7r,H) of positive energy is holomorphically induced from 
the bounded if-representation on y = {H°°y^ . We now turn to the question which 
bounded if-representations (p, V) are holomorphically inducible. 
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In view of Remark IS.lOf c) , the cone Cp is generated by the elements of the form 
[Ix, x], X Cz p. From 

[Ix,x] ^2lni{Ix,x) = 2\\x\\^ 

it now fohows that 

Cp = M+ X {0} C M X e, 
which leads to the necessary condition 

-idp(l,0)>0. (11) 

Any irreducible representation (p, V) of A' = M x if is of the form p{t, k) — e"^*pi(^); 
where (pi, V) is an irreducible AT-representation. Now condition ([TT|) means that c > 0. 

For c = 0, we obtain the unique extension to G by TT(t,v,k) := p(t,k) — pi{k) 
satisfying p C kerTr. To deal with the cases c > 0, we have to introduce the canonical 
representation of the Heisenberg group on the Fock space S{p) = ©„>o'5'"(p) (cf. 
|Ot95| ). On the dense subspace S{p)o = J2'^=a '^'"(p) of S{p), we have for each w e p 
the creation operator 

a*{v){vi V • • • V u„) := w V ui V • • • V z;„. 
This operator has an adjoint a{v) on >5'(p)o, given by 

n 

a{v)rt = 0, a{v){vi V • • • V w„) = ^^(wj, v)vi V • • • V li} V • • • V w„, 

3=0 

where Vj means omitting the factor Vj . One easily verifies that these operators satisfy 
the canonical commutation relations (CCR): 

[a{v),a{w)]^0, [a{v),a*{w)] = {w,v)l. (12) 

For each v E p, the operator a{v) + a*{v) on S{p)o is essentially self-adjoint and 



Wiv) :=e7f'^('')+''*(") eU(5(p)) 
is a unitary operator. These operators satisfy the Weyl relations 

W{v)W{w) =W{v + w)ei^"''^''^"''^ for v,w(Ep 
(cf. [NelQcj ). For the Heisenberg group Heis(p) := R x p with the multiplication 

{t, v){t', v') := {t + t' + lm{v, v'),v + v') 

we thus obtain by W{t,v) := e^*^'^W{v) a unitary representation on S{p), called the 
Fock representation which is actually smooth (cf. [NelOci Sect. 9.1]). Using the natural 
representations 

S"{U){vi V • • • V u„) := L/wi V • • • V Uvn 
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of the unitary group U(p) on the symmetric powers 5'"(p), and combining them to a 
unitary representation {S, 5'(p)), we obtain a smooth representation (tt^, S'(p)), defined 

by 

TTs{t,v,k) := W{t,v)S{k) = e'*/^W{v)S{k) 

of G = Heis(p) X on 5(p) with n e ^(p)"". Then d7r^(p+) = a*(p) and d7r^(p-) = 
a(p) lead to (S'(p)°°)P" = Cfl, and it fohows from jNelOdl Thm. 2.17] that (tt^, ^(p)) is 
holomorphically induced from the character psi K = x K ^ T, given by Ps{t, k) = 
Composing with the automorphisms of Heis(7^) given by fj,h{t,v) := {h?t,hv), 
h > 0, we see that all characters Pc{t, k) :— e*'^*l of K are holomorphically inducible. 
We write (tTc, 5'(p)) for the corresponding unitary representation of G. 
With 7ri(t, V, k) := pi{k) we now put 

TT := TTc (8) TTi on n := S{p) (g) Vi 

an observe that this unitary representation is holomorphically induced from 
p = Pc ® Pi- Its semiboundedness follows from Theorem 15.61 This completes the 
proof of the following theorem: 

Theorem 6.2. A bounded irreducible unitary representation {p^V) of K — M. x K 
with p{t, 1) = 6**^*1 is holomorphically inducible to a semibounded positive energy rep- 
resentation of G = Heis(p) X K if and only if c> 0. 

Remark 6.3. contains no open invariant cones, then Theorem lS. 2^ 111) implies 

that every semibounded unitary representation tt of G satisfies d G Wt^ U —Wtt. If 
d S Wtt, then it is of positive energy and if, in addition, tt is irreducible. Theorem 15.41 
implies that it is holomorphically induced from a bounded representation of K, hence 
covered by Theorem 16.21 

Example 6.4. (a) Theorem 16.21 applies in particular to the oscillator group G — 
Osc{'H) = Heis(H) x T of a complex Hilbert space H from Example ll.3f bV In this 
case G = H X T is the minimal hermitian Lie group with p — T-L. 

In the physics literature the unitary representations of Osc(H) are known as the 
representations of the CCR with a number operator. It is known that the positive 
energy representations of Osc(?^) are direct sums of Fock representations (cf. fCh68j). 
Therefore our Theorem 16.21 generalizes Chaiken's uniqueness result on the irreducible 
positive energy representations of Osc('H). 

(b) The maximal hermitian group (G, 6*, d) with p —T-L \s G — Ti, x U('H). For this 
group, Theorem 16.21 provides a complete classification of the semibounded positive 
energy representations in terms of bounded irreducible representations (p, V) of U('H). 
Those representations for which p|uoo(«) is irreducible are described in Appendix ID] 
(cf. Definition ID. 31) . According to Theorem IE. II all separable continuous irreducible 
representations of U(H) have this property. 

7 Hermitian groups with positive Ji7*-triples 

In this section we consider the case where M — GjK is an infinite dimensional ir- 
reducible symmetric Hilbert domain, i.e., p is a positive simple infinite dimensional 



39 



JiJ*-triple of type I-IV, and G is a simply connected Lie group with Lie algebra 
Q = fl(p). In view of |Ne02cl Prop. 3.15, Thm. 5.1], the polar map 

Kxp^G, (fc, a;) h-^ fcexpx (13) 

is a diffeomorphism because the positivity of the Jif* -triple p implies that G/K is a 
symmetric space with seminegative curvature. Let Gc denote the simply connected 
Lie group with Lie algebra gc whose existence follows from Theorem 13.91 

Proposition 7.1. Let (G,9,d) be a simply connected hermitian Lie group for which 
p is a positive J H* -triple and Gc be a simply connected group with Lie algebra gc- 
Then the canonical morphism rjQ-. G ^ Gc is a covering of a closed subgroup rjciG) 
of Gc which is contained in the open subset P^KcP~ , where = expp='= and := 
(exp ic) ■ 

Proof. In view of 3(g) C ric{G) C P~^KcP~ follows from the corresponding assertion 
for the group Ad(G) C Aut(p)o, for which it follows from the fact that the G-orbit 
of the base point in the complex homogeneous space Gc/KcP~ corresponds to the 
domain 

2? = {zep+: ||z||oo < l}Cp+^P+ 

(via the exponential map of P+) and the open embedding P+ ^ Gc/{KcP~') (cf. 
|Ka83p . For domains of type I-III, this also follows from the discussion in |N098[ 
Sect. III]. □ 

We can now refine some of the results developed in the context of Proposition [5?2TJ 
Since G has a diffeomorphic polar map (see ([T3l) ). Proposition 17. II shows that we may 
put Uq = Wq = G. We thus obtain an analytic map 

k: G -> Kc, 9 ^^ rjG{g)o 

defined on the whole group G. Let K{g) := K{g), where k 1-^ k denotes complex 
conjugation of Kc with respect to K. This function plays the role of k if we exchange 
P+ and P~, which is the context of |N098| Sect. II]. We now obtain on M = G/K a 
well-defined function 

gK ^ {K(g)-'rK{gr' ^K{g)K(gy. 

According to [N098[ Lemma II. 3], the canonical holomorphic kernel function Q'^j : Mx 
M — > Kc satisfies 

Qc{gK,gK) = riK{n{g)T^{g)*) for geG. 

Since M = G/K = p according to the polar decomposition, the space M is simply 
connected. Hence the canonical lift 

Qm: M xJL^Kc 

of Qc to the covering group Kc of Kc determined by Qm{^K, IK) = 1 satisfies 
QAiigK, gK) = nigMg)* for geG. 
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For a bounded representation (p, V) of K and its holomorphic extension pc : Kc — >■ 
GL{V), we recall from (ITOl) in Section[5]tlie analytic function /p :— pcon: G ^ GL{V) 
and the corresponding holomorphic kernel function 

: M X 17 ^ B{V), {gK, hK) ^ {fp{h)-^rfp{h-^g)fp{g)-\ 

On the diagonal Am C M x M we have 

Fp{gK,gK) = (/p(.g)-i)*/p(5-'5)/p(5)-' = (/p(.9)-^)7p(5)-' 
- Pc((«(5)"')*'^(5)~') = Pc(QA/(.9i^,.9i^)). 

Therefore Fp coincides with the kernel Qp :— pc ° Qm, because both kernels are 
holomorphic on M x M and the diagonal Aj\/ C M x Af is totally real. 
Proposition 15.211 now specializes as follows: 

Proposition 7.2. Let (G, 9, d) be a hermitian Lie group for which p is a positive 
simple J H* -triple and Qc is integrable. Then the following are equivalent for a bounded 
unitary representation {p,V) of K : 

(i) The representation (p, V) is holomorphically inducible. 

(ii) The function fp: G ^ B{V) is positive definite. 

(iii) The kernel Qp: M x M — > B{V) is positive definite. 

From now on we assume that g = g{p) is the universal central extension of g(p) 
(Remark l3.8|) and recall from the discussion in the proof of Theorem l3.9l that in all cases 
the corresponding simply connected Lie group G has the property that K := (G^)o 
has the product structure required in Theorem 15.171 In Remark 15.221 we have seen 
that fp is positive definite if and only if the corresponding function /pt Gi -> B{V) 
is positive definite, which only depends on the representation p: L<i — > U(V^) obtained 
by pulling p back via the canonical map Ki K. 

As C (0i)c, the kernel Qp coincides with the corresponding kernel that we 
obtain from the triple decomposition of the open subset P'^Ki cP' of (Gi)c- There- 
fore fp is positive definite if and only if the kernel Qp = Qp is positive definite on 
M. Since the positive definite kernels Qp have been classified in |N098[ Thm. IV. 1] 
in terms of unitarity of related highest weight modules, and all bounded irreducible 
representations (p, V) of Ki can be described as highest weight representations, we 
can now derive a classification of the inducible irreducible bounded representations in 
terms of conditions on the highest weight of po (cf. Theorem I5.18p . In the following 
theorem, we evaluate the characterizations from |N098) case by case for the four types 
of hermitian groups. Here we use the classification of bounded irreducible represen- 
tations of U('H) whose restriction to VooCH) is irreducible in terms of highest weights 
(cf. Definition |d3|. 

Theorem 7.3. (Classification Theorem) For an irreducible bounded representation 
{p, V) of K whose restriction to Koo is irreducible, we obtain the following character- 
ization of the inducible representations with respect to the element d = | diag(l, — 1).- 
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(loo) Let 'H± both be infinite dimensional and G — Urcs(^+,^-) with 
^ = R X U(-H+) X U(-H_). Then p{t,ki,k2) = e^=*7rA+(fci) ® nx_{k2) is in- 
ducible if and only if X+ > > X- and 

c e I supp(A+)| + I supp(A_)| + No. 

(Ifin) Letdimn- < (X), G ^\J(n+,n-) and K = V{n+)xV(n-). T/ien p(fci, fca) = 
T^x^ (ki) ® TT\_ (^2) is inducible if and only if X+ > > A_ and 

c := — max(A_) G {a, a + 1, . . . , 6}U]6, oo[C Z 

for a :— \ supp(A+)| + | supp(A_ + c)| and b :— a — 1 + | J_ \ supp(A_ + c)|. 

(II) For G = 6*^,(-H) and K ^Rx U('H), the representation p(t,k) = e'^^Tixik) is 

inducible if and only if 

A>0 and c G | supp(A)| + Nq. 

(III) For G = Spres('W) andk '^Rx U('H), the representation p(t, k) = e^'^'^TTxik) is 
inducible if and only if 

A>0 and 2c e | supp(A)| + |{j G J: Aj > 1}| + Nq. 

Proof. (loo) From Example 13 . 51 we obtain the structure of K and that G is a quotient 
of a semidirect product via the homomorphism 70 : SGi x K ^ G integrating 

7g: S01 X J ^0, {x,y) i-> (-« tr(a;ii), a; + y). 

Let (p, V) be a bounded irreducible representation of K for which the restriction 
to ^00 K X Uoo('H+) X Uoo('H-) is irreducible. Then 

p{t,ki,k2) = e''=*7rA+(/ci) (8)7rA_(fc2), 

where A± : J± — > Z are finitely supported functions, corresponding to the highest 
weights and {ej)jej± in 'H± are orthonormal bases (cf. Definition ID. 3p . On 

Sti = {{x, y) e Ui(H+) X Ui(H_) : tr(a;) + tr(?;) = 0} 

this leads to a representation with highest weight A = (A+ + c. A_) ~ (A+, A_ — c), 
where we consider A as a function J = J+UJ- — > M. In fact, for a diagonal matrix 
X = diag((xj)jgj) and a A-weight vector we have 

p(exp(— itrxii, a;))wA = jo(— itrxn, expa;)wA 

From Lemma fS .131 and Example l5.14r b) we obtain the necessary condition c+min(A+) > 
max(A_). Since A± have finite support, this implies that c > 0. 
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To derive the classification from |N0981 Prop. 1.7], we put Ji := J_, J2 := J+ and 

M := min(A+ + c) = c + min(A+) > 771 max(A_). 

According to loc. cit., a necessary condition for inducibility is that 

q" I supp(A+ + c — M)\ and p" := | supp(A_ — m)\ 

are both finite. This implies that M = c and m = 0, so that 

a := p" + q" = \ supp(A+)| + | supp(A_)|. 

Since J± are both infinite, 

b :— a — 1 + min{| J+ \ supp(A-|.)|, | J_ \ supp(A_)|} = 00, 

and loc. cit. shows that inducibility is equivalent to c = M — m€a + Nq. 

(Ifin) With the same group SGi as for the previous case, we obtain a surjec- 
tive homomorphism 7^ : SGi yi K ^ G integrating the summation homomorphism 
7j, : SQi yit^ Q,{x,y) 1-^ x + y. Now Koo = Uoo('H+) x U('H-) and (p, V) has the form 

p(/ci,fc2) = 7rA+(fci) (8)7rA_(fc2). 

On sti this leads to a representation with highest weight A = (A+, A_) : J — > M. From 
Lemma [5. 131 and Example 15. 14f b) we obtain the necessary condition 

M min(A+) > m :~ max(A_) 

(see also |N098| Prop. I.5(ii)]). To derive the classification from |NQ98| Prop. 1.7], we 

put Ji := J_ and J2 := J+. With the finiteness of 

q" := I supp(A+ — M)\ and p" :— \ supp(A_ — m)\, 
we derive that M = and hence that A+ > > A_ , so that 

a := p" + q" = \ supp(A+)| + | supp(A_ - m)\. 

Now 

a — 1 + min{| J+ \ supp(A+)|, | J_ \ supp(A_)|} = a — 1 + |,/_ \ supp(A_)| < 00 

and loc. cit. shows that inducibility is equivalent to 

c := —771 G {a, a + 1, . . . , 6}U]6, oo[. 

(II) From Example [SH we recaU that ^ = M x U('H) = Rx K, and that G is 
obtained as a quotient of a semidirect product via the homomorphism 70 : Gi xi X ^ G 
integrating 

7g : 01 XI t ^- 0, (x, y) 1-^ (-7 tj:{xn),x + y). 
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Let (p, V) be a bounded irreducible representation of K for which the restriction to 
Kao = R X Uoo('H) is irreducible. Then p{t, k) = e^'^*TT\{k), where A: J — )■ Z is finitely 
supported. On Ji = Ui(?^), this leads to a representation with highest weight A + c. 
From Lemma 15.131 and the description of the coroots for A+ C A„c in Example IC.9[ 
we derive the necessary condition 

2c + Aj + Afe > for j ^ke J 

(see also jN098] '). As A has finite support, we obtain c > 0. 

Comparing our A+ with the positive system used in |N098j . it follows that we 
have to apply jN098[ Prop. Lll] to -A - c. For 

M := max(— c — A) = — min(A) — c we put p' \ J \ \^^{—M — c)|. 

Then p' has to be finite, so that A/ = — c < 0, A > and p' = \ supp(A)|. According 
to [N0981 Prop. Lll], inducibility is equivalent to c e | supp(A)| + Nq. 

(Ill) Here we have a similar situation as for type IL Now p{t, k) = e^'^^TTx{k) leads 
to a representation with highest weight A + c of = Ui('H) and Lemma [5.131 with 
Example IC.8I lead to the necessary condition 

2c + Aj + Afc > for j. A; e J, 

which is equivalent to c + A > 0. As A has finite support, this implies c > 0. 
For M :— niax(— c — A) = — c — min(A) we put 

g' := |{j e J: Aj > min(A)}| and r' := |{j e J: A^ > min(A) + 1}|. 

Then r' and q' have to be finite, so that M — — c, minA = and q' = |supp(A)|. 
According to |N098|, Prop. 1.9], inducibility is equivalent to 2c e q' + r' + Nq. □ 

Remark 7.4. (a) For the types loo, II and III, the number c is called the cen- 
tral charge of the representation. The preceding theorem shows that c = implies 
A = 0, hence that the irreducible representation p is trivial. In particular, the groups 
Urcs(H+, "H-), 0*(,s('H) and Sp,.^g{'H) have no non-trivial irreducible semibounded rep- 
resentation {■n,'H) with p ^ kcrdTT. All irreducible semibounded representations of 
these groups are puUbacks of bounded representations of K/Koo by the canonical 
homomorphism G K/Koo- 

For K = U('H), the quotient K/K^o — U('H)/ Uoo('H) is the identity component of 
the unitary group of the C*-algebra B{H)/ K{H), hence has enough bounded unitary 
representations to separate the points. However, these representations all live on non- 
separable spaces (see [Pi88| and Theorem IE. 1 1 below) . 

(b) The representations for which V is one dimensional are called of scalar type. 

For the groups Ui.cs('H+, "H-) and 0^^^{'H) they are parameterized by c e Nq, and for 
SPres(^) have c e ^Nq. 

For c = i we obtain in particular the metaplectic representation of Spj.^g{'H) on the 
even Fock space S'^^'X'H) and for p{t, k) = e'*/2fc on F = H we obtain the metaplectic 
representation on the odd Fock space S°'^'^{n) (cf. [Ot95] . |NelOc[ Sect. 9.1], |N098[ 
Sect. IV]). 
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(c) For type Ifin {dim'H- < oo), the scalar type condition means that A+ = and 
A- = — c, so that a = and = | J_ | — 1 lead to the condition 

c e {0,1,2,|J_| - 1} or c>|J_|-l. 

For type /fin and = ^ the representation p — 7rA_|_(8i7rA_ vanishes 

on ^ 

^(0)0 = {(e"'*, ; t e R} C is: UCH+) x (M k SUCH-)), 

so that we also obtain non-trivial inducible representations vanishing on the center. 
These lead to semibounded representations of U('H+,H-)/Tl. 

For the domains of type IV, the situation is quite trivial, as the following theorem 
shows. 

Theorem 7.5. The universal covering group 0{M.'^ jHth) o/0(R^,?^r) has no semi- 
bounded unitary representation (7r,Ho) with p ^ ker(d7r). 

Proof. Put G :— 0(R^,He) and write G for its universal covering group so that 
5^ S02(K) X OCHr) and ^ = E X OCHr) C G. 

Let (p, V) be an irreducible holomorphically inducible bounded representation of K. 
Then p is of the form p{t, k) = e*'^*/9o(fc): where (poj is an irreducible representation 
of 0(Hr). In view of Theorem 15 .l?! it suffices to show that, if p\o:y^{Hs) is irreducible 
and non-trivial, then (p, V) is not inducible. 

According to Theorem ID.5[ every irreducible bounded representation (p, V) of 
Ooo('Hr) is a highest weight representation {px,V) with finitely supported highest 
weight. Now |N098[ Sect. 1, Thm. IV. 1] implies that the kernel Qp^ on G/K is not 
positive definite for A 7^ 0, so that {p\^ V) is not inducible. □ 

Remark 7.6. The results of the present section imply in particular that the unitary 
representations of the groups Gi constructed in |N098) all extend to unitary repre- 
sentations of the full hermitian groups Ures('H+, 'H-), 0^^^{H) and Spres('H). 

8 Hermitian groups with negative Ji7*-triples 

In this section we consider the case where p is an infinite dimensional negative simple 
JiJ*-triple, i.e., G/K is c-dual to a symmetric Hilbert domain of type TIV, i.e., a 
hermitian symmetric space of "compact type" in the sense of Kaup (cf. |Ka81[|Ka83] V 
We assume that G is a simply connected Lie group with Lie algebra q = 'g(p) (Re- 
mark 13. Sp and recall that this implies that K has the product structure required in 
Theorem [5II71 

Theorem 8.1. Suppose that G is full and simply connected and that p is an infinite 
dimensional negative J H* -triple. Then the following are equivalent for a bounded 
unitary irreducible representation {p,V) of K : 

(i) {p, V) is holomorphically inducible. 
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(ii) dp([z*,z]) > for z G p+ (p is anti-dominant). 

Proof, (i) (ii) follows from Lemma [5 .111 

(ii) (i): In view of Theorem l5.18[ we may w.l.o.g. assume that pIk^^ is irreducible, 
i.e., p — pq. We have seen in Remark 13.111 that, for all types, we have a surjective 
submersion Gi x X — > G. In view of Remark l5.221 it suffices to show that the function 
fp is positive definite in a 0-neighborhood of the group Gi if (ii) is satisfied. To verify 
this, we consider all types separately, where for type I-III we take c? = | diag(l, —1). 

(loo) Here G = Urcs('H+ ® "H-) and K = T xV{n+) xViV.-) (Example [3H;c)), so 
that p has the form p{z, fci, /C2) = z'^px^ (^1) ® Pa_ (^2), where c e Z and A± : J± — >■ Z 
are finitely supported functions, corresponding to the highest weights, and (ej)jgj^ in 
'H± are orthonormal bases. From 

Gi = SUi^2CH+ ® H-), Ki = S'(UiCH+) x UiCH_)) = T x (SUCH+) x SUCH-)) 

(cf. Example 13.51 and Appendix IC.7p . we obtain on Ki a representation with the 
bounded highest weight A = (c + A_|_ , A_ ) . Condition (ii) now leads with Lemma 15.131 
and dHl) in Example 15. 14f a) to 

c + max(A+) < min(A_). (14) 

Hence there exists a linear order ^ on J = J+UJ- with J+ -< J_ for which \ : J 
is increasing. Let (nxjl-lx) denote the corresponding bounded highest weight repre- 
sentation of SU('H) whose existence follows from [Ne981 Prop. HI. 7]. 

In view of (|14p . any highest weight vector vx generates the Xi-representation 
{px,Vx) of highest weight A annihilated by := p~ H qIi{H). For the orthogonal 
projection pv ■ Hx — > Vx we therefore find 

fpig) = pv'^\{g)pv e B{Vx) 

because this relation holds for g G Ki C S\J{H) and both sides are annihilated by the 
differential operators L^, z S p~ . We conclude that the function fp is positive definite 
on the dense subset WqWq^ n SU(H) of Gi, so that its continuity implies that it is 
positive definite. 

(Ifin) Here we have G = 11(^+0^-) and K = U(H+) x U('H-), so that p has the 
form p{ki,k2) = PA+(fci) ® PA_(fc2) and A — (A+, A_) has finite support. In view of 
Lemma 15.131 and (H)) in Example I5.14r b) , condition (ii) here means that 

max(A+) < min(A_). (15) 

Hence there exists a linear order ^ on J = J+U J_ with J+ -< J_ for which A is increas- 
ing. Let {ttx,T-Lx) denote the corresponding bounded highest weight representation of 
G (cf. Appendix [D|. As a consequence of (fTSi) . any highest weight vector vx generates 
the ii'-representation {px, Vx) of highest weight A, and the subspace Vx is annihilated 
by p~ . As above, it now follows that 

fpig) = PvTrx{g)pv for g E G, 
and hence that p is inducible. 
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(II) Here G = 0,.cs(^r) (cf. Example [Cj] and Appendix [C3| and if T x \5{'H) 
(cf. Example I3.6p . so that p has the form p{z,k) — z'^p^{k) with c € 1> and highest 
weight p: J TL. From G\ — Oi,2('Hr) and the fact that = Ui{H) is the unique 
2-fold covering of Ui('H) = T k SU('H), we obtain on Ki the representation with 
the bounded highest weight A := c/2 + p (cf. Example I3.6p . With Lemma [5.131 and 
Example IC.9I condition (ii) now translates into 

\j + Xk ^ c + pj + pk <0 for j ^ke J. (16) 

As p is integral with finite support, we get c < 0. Wc pick a linear order on J for 
which A: J — >■ Z is increasing. From [Ne98 , Sect. VII] we obtain a bounded highest 
weight representation {ttx^T-Lx) of Oi(?^k), resp., a holomorphic representation of its 
universal complexification Oi(7^m)c = Oi(H^,/3) (cf. Appendix IC.1|) . The remaining 
argument is similar as for type loo and uses the density of Oi('Hr) in Gi = Oi_2('Hr). 

(III) Here G = Sp,^^{Hu) C Gc = S^,^^{n'^,uj) (cf. Example ES]), and the argu- 
ment is quite similar to type HI. Condition (ii) translates into 

Aj = c + pj < for j e J, 

c < 0, and A^- G for every j g J. Since A is bounded, we can argue with a 
holomorphic highest weight representation of the group Sp]^('H^,aj) whose existence 
follows from WM, Sect. VI]. 

(IV) Here G = 0(R^ ® "Hr) is a fuU orthogonal group and 

K = S02(M) X 0(Hr) = T X 0(Hr), 

so that p has the form p{z, k) = z'^p^{k) with c € Z and a bounded highest weight 
representation p^ of 0(Hr). Let J parameterize an orthonormal basis of C ® (Hr, /), 
where 7 is a complex structure on Hr, such that j/o S J corresponds to the basis 
element ej^ :— (1,0). Then := c and Mj\{jo} M defines a function A: J ^ Z. 
With Lemma 15.131 and Example IC.10| we see that condition (ii) means that 

c±p,>0 for j^jo, (17) 

i.e., c > and \pj\ < c (cf. [N098| Sect. I]). From |Ne98| Sect. VII] we now obtain a 
bounded highest weight representation {tt\,H\) of G. As a consequence of (|17l) . any 
highest weight vector vx generates the ii'-representation {px,Vx) of highest weight A, 
and the subspace Vx is annihilated by p^. With similar arguments as for type Ign, it 
now follows that 

fpig) = pvT^x{g)pv e B{Vx) 

is positive definite, so that p is inducible. □ 
Remark 8.2. Suppose that, in the preceding proof, for one of the groups 

Uros('H), 6i.cs('Hr), SPj.cs('Hh) 
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we have c = 0. Then the corresponding highest weight A is finitely supported and 
we derive from |Ne98[ Sects. V-VII] that the corresponding unitary highest weight 
representation of the corresponding non-extended group 



U,es(H), Ore.(HR), Sp,,,(Hh) 



extends to a bounded representation of the corresponding full group 



U(H), 0(Hr), Sp(Hh). 



In particular, the corresponding highest weight representation is bounded. 

Suppose, conversely, that c 7^ 0. We want to show that the corresponding highest 
weight representation nx is unbounded. To this end, it suffices to show that for the 
corresponding set Vx of weights, the set of all values Vxid) is infinite. 

For type Iqo we have A = (c-|- A+, A_) : J — Z and the group W = of all finite 
permutations of J acts on the weight set Vx with respect to ti C ti. Let F C J_^_ he 
a finite subset not contained in the support of A+ and w G W be an involution with 
w{F+) C J_ \ supp(A_) and w{j) = j for j ^ F+ U w{F+). Then 



has on —i ■ d the value c|-F+|, which can be arbitrarily large. 

For type II we have A = c/2 + /i and the weight set is invariant under the Weyl 
group W which contains in particular sign changes s{hj) = (ejhj), where £j S {±1}, 
and F = {j € J- £j = —1} can be any finite subset of J with an even number of 
elements (cf. Example I C.6p . For F n supp(/i) = 0, we then obtain 



which can be arbitrarily large. 

For type III we have X — c + ^ and a similar argument applies. 

Example 8.3. (Finite type I) If one of the spaces T-L+ or H- inH = %+ +H- is finite 
dimensional, then G = Uics(^) = U(^) is the full unitary group. Since every open 
invariant cone in u('H) intersects the center (Theorem l4.6p . all irreducible semibounded 
representations of G are bounded (Proposition I4.4|) . 

According to Theorem 15.171 every bounded irreducible representation (p, V) of 
U(?^) is a tensor product of a representation (poj^b) whose restriction to Uoo(H) is 
irreducible and of a representation {pi,Vi) with Uoo(H) C kerpi. The representations 
po are easily classified by their highest weights, as described in Appendix [D] but for 
the representations pi there is no concrete classification available (cf. Remark l5.19p . 

Example 8.4. (Infinite type I) Consider the group G = Urcs('H) with dimH^- = 
dimH- = 00. For representations which are trivial on the center, i.e., c — Q, we 
obtain for A = (A_|_,A_) the necessary condition A+ < < A_, which leads to a 
representation of K = \J{H+) x U('H_) on a subspace 




(A-wA)(-i-d) = c|F|, 
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(cf. Appendix |D|. 

On the latter space we have a unitary representation of U('H). We claim that it 
contains a subrepresentation which is holomorphically induced from the representation 
of U('H+) X U('H_) on 'Hx+ «) lix^- In fact, the natural action of p" ^ B2{l-i+,'H-) 
annihilates the subspace T-Lx^ ^ (?£^J_)®" C (T^*)®" and likewise, it annihilates the 
subspace 1-Lx_ C -H?" C "H®". Now the assertion follows from |NelOdl Cor. 3.9]. 

A Analytic operator- valued positive definite func- 
tions 

In this appendix we discuss operator-valued positive definite functions on Lie groups. 
The main result is Theorem lA.7[ asserting that local analytic positive definite functions 
extend to global ones. This generalizes the corresponding result for the scalar case in 
|NelOb| . 

Definition A.l. Let AT be a set and /C be a Hilbert space. 

(a) A function Q: X y. X ^ B{JC) is called a B{IC)-valued kernel. It is said to be 
hermitian if Q{z, w)* — Q{w, z) holds for all z,w & X. 

(b) A hermitian _B(/C)-valued kernel if on A is said to be positive definite if for 
every finite sequence {xi,vi), . . . , (x„, Vn) in A x /C we have 



(c) If (5,*) is an involutive semigroup, then a function ip: S ^ B{]C) is called 
positive definite if the kernel Qip{s,t) := Lp{st*) is positive definite. 

(d) Positive definite kernels can be characterized as those for which there exists a 
Hilbert space T-L and a function 7: A ^ B{T-L,IC) such that 



(cf. [NeOOi Thm. 1.1.4]). Here one may assume that the vectors 'y{x)*v, x £ X,v £ JC, 
span a dense subspace of H. Then the pair (7,7^) is called a realization of K. The 
map <&: H — K,^ , :— ^{x)v, then realizes "H as a Hilbert subspace oiK.-^ with 

continuous point evaluations ev^; : H — > /C. It is the unique Hilbert subspace in K.^ 
with this property for which Q{x,y) = ev^; ev* for x,y £ X. We write Hq C JC^ for 
this subspace and call it the reproducing kernel Hilbert space with kernel Q. 

Remark A. 2. Let Q : A x A — >• B{IC) and / : A — GL(/C) be functions. It is obvious 
that the kernel Q is positive definite if and only if the modified kernel 



is positive definite. 

Theorem A. 3. Let M be an analytic Frechet manifold and %, K. be Hilbert spaces. 
Then a function 7: M — > B{'H,IC) is analytic if and only if the kernel Q{x,y) := 
^{x)j(jj)* £ B{IC) is analytic on an open neighborhood of the diagonal in M x M . 



n 




j-k=l 



Q{x,y) =l{x)"f{y)* for x,y £ X 



{x,y) ^ f{x)Q{x,y)f{y) 
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Proof. Since the map B{n,JC) x B{n,JC) B{1C), {A,B) ^ AB* is continuous and 
real bilinear, it is real analytic. Therefore the analyticity of 7 implies that Q is analytic. 

Conversely, we assume that Q is analytic. On the analytic Frechet manifold X :— 
M X IC we obtain the positive definite kernel 

Q{{m,v), {m ,v')) := {Q{ra,m!)v' ,v) = {j{'m)j{m')*v' ,v) = {'j(rn')*v' ,j{'m)*v) 

which is analytic by assumption. Therefore jNelObl Thm. 5.1] implies that the map 

r-.MxJC^H, (to,w) i-> 7(m)*w 

is analytic. 

Since the assertion we have to prove is local, we may w.l.o.g. assume that M is an 
open subset of a real Frechet space V. Pick xq E M . Then the definition of analyticity 
implies the existence of an open neighborhood Uv of xq in the complexification Vc 
with Uv n F C M and an open 0-neighborhood Ujc IC such that F extends to a 
holomorphic function 

Fc: Uv xUrz-^n. 

Then Fc(m, v) is linear in the second argument, hence of the form Fc(fTi, v) = 7c('7i)*i>, 
where 7c(to)* G B{IC,'H). From ||7(m)|p — \\Q{m,m)\\ we further derive that 7 is 
locally bounded, so that we may w.l.o.g. assume that 7c is bounded. Now jNeOOi 
Prop. F1.9] implies that 7c: Uv -> B{IC) is holomorphic, and hence that 7 is real 
analytic in a neighborhood of a;o- D 

Definition A. 4. Let /C be a Hilbert space, G be a group, and U C G he a, subset. A 
function (p: UU^^ — > B{IC) is said to be positive definite if the kernel 

Q^:UxU-^B{IC), (x,y)^ if{xy-^) 

is positive definite. 

Definition A. 5. A Lie group G is said to be locally exponential if it has an exponential 
function exp: g — L(G) — ?> G for which there is an open 0-neighborhood U in L(G) 
mapped diffeomorphically onto an open subset of G. If, in addition, G is analytic and 
the exponential function is an analytic local diffcomorphism in 0, then G is called a 
BCH-Lie group. Then the Lie algebra L(G) is a BCH-Lie algebra, i.e., there exists an 
open 0-neighborhood U C g such that, for x,y £ U, the BCH series 

Ir 1 

x*y = x + y + - [x,y\~\ 

converges and defines an analytic function U x U g, {x,y) ^ x *y. The class of 
BCH-Lie groups contains in particular all Banach-Lie groups ( |Ne06[ Prop. IV. 1.2]). 

Definition A. 6. Let (p, V) be a ^-representation of Uc{q) on the pre-Hilbert space 2?, 
i.e., 

{p{D)v,w) {v,p{D*)w) for D eUc{Q),v,w £V. 
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We call a subset E CD equianalytic if there exists a O-neighborhood U C g such that 



E 

ra=0 



< oo for V £ E,x £ U. 



This implies in particular that each w e i? is an analytic vector for every p{x), x q. 

Theorem A. 7. (Extension of local positive definite analytic functions) Let G be a 
simply connected Frechet-BCH~Lie group, V ^ G an open connected 1-neighborhood, 
JC be a Hilbert space and ip: VV~^ BiJC) be an analytic positive definite function. 
Then there exists a unique analytic positive definite function (p: G ^ B(JC) extend- 
ing ip. 

Proof. The uniqueness of follows from the connectedness of G and the uniqueness 
of analytic continuation. 

Step 1: To show that (p exists, we consider the reproducing kernel Hilbert space 
"Hq C defined by the kernel Q via f{g) = Qgf for g e F and Q{h,g) = QhQ*g for 
g,h E V fPcfinition I A. 1 T d) ) . Then the analyticity of the function 

VxV^BilC), {g,h)^Qig,h)^ipigh-') 

implies that the map rj-.V^ B{T-Lq, K,), g i— > Qg is analytic (Theorem IA.3p . Here we 
use that G is Frechet. Hence all functions in Hq are analytic, so that we obtain for 
each X € Q an operator 



Lx-.-HQ-^G^iV^JC), {LJ){g):=- 
For V E JC. we then have 



, ^figexpitx)) = — 
t=o dt 



t=o 



Qgcxp{tx)f, 9 &V- 



{LxQlv){g) = - 

_ d 
~ di 



(p{gexp{tx)h 



t=o 



QgQh 



CKp{ — tx) 



dt 



(O* 



for g,h E V,x E g, which means that 

d 



LxQl = 



dt 



t^O^*hcxp{-tx) £ B{K.,'Hq). 



Iterating this argument, we see by induction that, for xi, . . . , a;„ € 

QU 



dti ■ ■ ■ dtr 



Q 



h CKp{ — tnXji)-- ■ CXp( — fiXi ) 



defines a bounded operator JC ^ Hq. 

Step 2: For an open subset W C V, we thus obtain the subspace 



(18) 



T>{W) := span{i:c^ • • • Lx^Q^v: v e JC,h e W,xi, 



e Q,n£ No} 
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of Hq and operators 

p{x):^L,\v.V{V)^V{V), 

defining a representation p: Q ^ End(X>(T/))ll Here we use that !){¥) C C"^(F,/C) 
and the fact that g acts by left invariant vector fields on this space. Next we observe 
that 

{Lxt ■ ■ ■ Lx^Qlv,Q*gW) 

{QgQhcxp{-t„x„)--- cxp(-iixi)'^' ^) 

=Q 

{ip{g exp{tixi) ■ ■ ■ exp{tnX„)h'^)v, w) 



gn 




dh 


■■■dtn 


ti = ...=t 




gn 




dh 


■ ■ ■ dtn 


ti = ...=t 




gn 




dh 


■ ■ ■ dtn 


ti = ...=t 



{QhV, (5goxp(tia;i)---oxp(t„a;„)^) 

) 

= {QhV, {~LxJ ■ ■ ■ {-Lx,)Q*gW). 

Therefore p{x) C —p{x)*, and thus p extends to a ^-representation of Ucio) on T>{V). 

Step 3: Since 77 is analytic, we derive from ([T5|) for each g E V and sufficiently 
small X E g, the relation 

00 

QUM-^)-E^P(-rQr (19) 

n=0 

Since derivatives of analytic functions are also analytic, using (|18|) again implies that 
'D{V) consists of analytic vectors for the representation p of g. 

Step 4: Let Wg V he an open 1-neighborhood and Wg C g an open balanced 
0-neighborhood with WGexp(VFg) C V. Next we show that V{Wg) is equianalytic 
and spans a dense subspace of "Hq. 

Since the map Wg x Wg B(/C,'Hq), ^ Q*gcxp{x) analytic, [NelObl 

Lemma 7.2] shows that, after shrinking Wg and Wg, we may assume that 

CO ^ 

Q;cxp(-.) - E fo"^ 9EWG,xEWg. (20) 



n 

n=0 



This implies that 'D{Wg) is equianalytic. To see that T>{Wg) is dense, we use the 
analyticity of 77 to see that r]{V)*]C C T>{Wg), which implies that 'D{Wg) is dense in 
■Hq. 

Applying [NelObi Thm. 6.8] to the ^-representation {p,'D{Wg)), we now obtain a 
continuous unitary representation (tt, Hq) of G with 7r(exp(a::)) = e^^^^ for every x E Q. 
Then 



5ln INelObI Thm. 7.3] we prove a version of the present theorem for the special case K = C In 
loc.cit. we claim that Hq is invariant under the Lie algebra g, but this need not be the case. The 
argument given here, where "Hq is enlarged to ©(V) corrects this point. 
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is a positive definite i?(A^)-valued function on G, and for a: G Wg we obtain from ([^(7)) 



ip{expx)v = QiTr{cx.px)Qlv = Qi ^ —QiV = QiQ-c^px^ = (p{expx)v. 

Since the kernel 

(5, h) ^ ^{gh-') = QMgh-')Ql = (Qi7r(5))(Qi^(/i))* 
is analytic in a neighborhood of the diagonal, Theorem lA. 31 implies that the map 

is analytic, and this in turn implies that if is analytic. As ip coincides with i/j in a 
1-neighborhood, the analyticity of ip and ip, together with the connectedness of V lead 
to ip\v — f- □ 



B Applications to holomorphically induced repre- 
sentations 

Let g be a Banach-Lie algebra and d g g be an elliptic element, i.e., e'^^'^'* is bounded. 
We say that d satisfies the splitting condition if is an isolated spectral value of ad d 
(cf. |NelOd| ). With f) := keradd, we then obtain an ad d-invariant direct sum decom- 
position 0c = P"*"® f)cffip~, where the spectrum of =F* add on p"^ is contained in ]0, oo[. 
Let G be a connected Lie group with Lie algebra g. We consider a bounded repre- 
sentation (p, V) oi H = (exp f)) C G and want to obtain criteria for the holomorphic 
inducibility of (p, V). 

We recall the closed subalgebra q = p"*" x t)c C gc- Let U± C p"^ and Uq C ()c be 
open convex 0-neighborhoods for which the BCH-multiplication map 

U+ X Uq 'X U- ^ gc, (a;+ , xo , a;_ ) I— > a;_|_ * xo * a;_ 

is biholomorphic onto an open subset U of gc- We then define a holomorphic map 

F:U~^B{V), F(a;+ *a;o *a;_) := e'^Pf^"). 

Theorem B.l. The following are equivalent: 

(i) {p, V) is holomorphically inducible. 

(ii) /p(expx) := F{x) defines a positive definite analytic function on a 1-neighborhood 

ofG. 

Proof, (i) (ii): Let (tTj'H) be the unitary representation of G obtained by holo- 
morphic induction from {p,V). We identify V with the corresponding closed sub- 
space of H and write pv '. % ^ V for the corresponding orthogonal projection. For 
V (^V Q {Wf' ( |NelOdl Rem. 2.18]) we let f^:Uy->-Hhea holomorphic map on 
an open convex 0-neighborhood [/„ C U satisfying fp{x) — Tr{expx)v for x G £4 n g. 
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Then d7r(p )v = {0} implies that L^fp = for z G p . For w £ V and 2; G p+, we 
also obtain 

{iRj;)ix),w) = {d7:iz)f;{x),w) = {f;ix),dn{z*)w) = 0. 

This proves that Rz{pv ° fv) — 0- We conclude that, for x± and xq sufficiently close 
to 0, we have 

Pvfp{x+ * xo * x_) = fp^{xo) = e'^''^^"^v = F{x+ * xq * X-)v. 

Therefore pv ° fp extends holomorphically to U and 

(7r(exp w) = {F{x)v, w) for a; G Uy q,v,w G V. 

We conclude that F{x) = py7r(expx)py holds for x sufficiently close to 0, and hence 
that /p(exp x) = py7r(exp x)pv defines a positive definite function on a 1-neighborhood 
of the real Lie group G. 

(ii) =4> (i): From Theorem I A. 71 it follows that some restriction of fp to a possibly 
smaller 1-neighborhood in G extends to a global analytic positive definite function 
(fi. Then the vector-valued GNS construction yields a unitary representation of G 
on the corresponding reproducing kernel Hilbert space Tiip C V'-^ for which all the 
elements of "H^ = spa.n{ip{G)V) are analytic vectors. In particular, V C consists 
of smooth vectors, and the definition of fp implies that d7r(p~)X^ = {0}. Therefore 
|NelOd[ Thm. 2.17] implies that the representation {tt^T-L^) is holomorphically induced 
from(p,y). □ 

C Classical groups of operators 

In this appendix we review the zoo of classical groups of operators on Hilbert spaces 
showing up in this paper. 

C.l Unitary and general linear groups 

For a Hilbert space T-L over IK G {R, C,!!}, we write GL(?^) — GLk('H) for the group 
of K- linear topological isomorphisms of H, which is the unit group of the real Banach 
algebra B{'H) of bounded K-linear operators on T-L. It contains the subgroup 

Uk(H) U(H) {g G GLk(H) : g* - g-^} (21) 

of unitary operators with Lie algebra u(H) — {x E flK^) • ^* — —x}. If Ti, is real, then 
we also write 0{H) := Uk and if is quaternionic, we also write Sp('H) := Uh(H) 
for the corresponding unitary groups. 

In many situations it is convenient to describe real Hilbert spaces as pairs ("HjCr), 
where "H is a complex Hilbert space and cr : "H — >■ H is a conjugation^ i.e., an antilinear 
isometry with = id>^. Then T-L"^ :— {v G H: (j{v) = ?;} is a real Hilbert space and, 
conversely, every real Hilbert space H arises this way by the canonical conjugation a 
on -He with {He)" = H. Then 

OCH) = {g G U(Hc) : g<J = <Tg} and GLrCH) = {g G GLCHc) : gcr = ag}. (22) 
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For X G B{7ic) we put a;^ :— ax*(7 and obtain 

Oin) ^{ge U(Hc) : .9^ = 5^'}, o(H) = {x G u(Hc) : = -x}- 

For the complex symmetric bilinear form f3(x,y) := {x,ay) on "Hcj the orthogonal 
group is 

with Lie algebra o{'Hc,f3) = o('H)c- 

In the following we write Herm('H) :— {x E B{H) : x* — x}, 

Sym(-H) {x G B(-H) : a;^ = x} and Skew(-H) := {x G B(-H) : x'^ = -x}. 

A quaternionic Hilbert space H can be considered as a complex Hilbert space Ti"^ 
(the underlying complex Hilbert space), endowed with an anticonjugation a, i.e., a is 
an antilinear isometry with = —1. Then 

SpCH) ^ {g G UCH^) : ga = ag} and GLhCH) = {5 G GLCH^) : ga = ag}. (23) 

For a; G B{'H^) we put := ax* a and obtain 

SpCH) = {.9 G UCH^) : .9* = g-^}, spCH) = {a; G uCH*^) : x^ ^ -a;}. 

For the complex skew-symmetric bilinear form w(a;, y) := {x, ay) on H^, the symplcctic 
group is 

Sp(HC,c.) = {.9GGL(H^):5»=g-i} 

with Lie algebra sp{H^, uj) — sp{H)c- In jNe02j we also use the notation GL('Hc, cr) = 
0('Hc,/3) in the real case and GL('H*',ct) — Sp('H''',a;) in the quaternionic case. 

C.2 Root systems of classical groups 

Definition C.l. (a) Let g be a real Lie algebra and gc be its complexification. If 
f : 0c ~^ 0C denotes the complex conjugation with respect to g, we write a;* := —a{x) 
for a; G 0C: so that Q = {x E Qc- — —x}. Let t C g be a maximal abelian subalgebra 
and f) := tc ^ gc be its complexification. For a linear functional a G f)*, 

flc e gc: (V/i G f}) [h,x] = a{h)x} 

is called the corresponding root space, and 

A:-{aGh*\{0}:flc^{0}} 

is the root system of the pair (gc, f)). We then have g^ = f) and [g^, g^] C g^^^, hence 
in particular [g^Oc"] ^ f)- 

(b) If g is a Banach-Lie algebra, then we say that t is elliptic if the group e'^'^* is 
bounded in B{g). We then have 

(II) a{t) C iR for a G A, and therefore 
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(12) a(0g) - 0c" for a e A. 
Lemma C.2. Suppose that t C g is elliptic. For 7^ Xq, e g^, t/ie suhalgehra 

is fj-invariant and 0/ one 0/ t/ie following types: 

(A) r/ie abelian type: [xa,x'^] — 0, i.e., flcl^^a) *s iwo dimensional abelian. 

(N) T/ie nilpotent type: [xa,x*^] 7^ and a{[xa^x*^) — 0, i.e., gcC^^a) is a three 
dimensional Heisenberg algebra. 

(S) The simple type: a{[xa,x'^]) 7^ 0, i.e., gcixa) sbCC). /n i/iis case we distinguish 
two cases: 

(CS) a{[xa,x*J) > 0, i.e., 0c(a;a) n g = SU2(C), and 
(NS) a{[xa,,xl]) < 0, i.e., Qcixa) n g = sui,i(C) = shiR). 

Proof, (cf. [NelOcl App. C]) First we note that, in view of a;* e gc", [NeMl Lemma 1.2] 
applies, and we see that Qc{xa) is of one of the three types (A), (N) and (S). We note 
that a([xa,x*]) £ R because of (12) and [xa,x*^] G it. Now it is easy to check that 
Qc{xa) n g is of type (CS), resp., (NS), according to the sign of this number. □ 

Definition C.3. Assume that gg = Cxa is one dimensional and that Qc{xa) is of 
type (S). Then there exists a unique element ci € f) n [flc'flc"] with a{a) — 2. It is 
called the coroot of a. The root a G A is said to be compact if for 7^ Xq, € g^ we 
have a([xa, x^^]) > and non-compact otherwise. We write Ac for the set of compact 
and A„c for the set of non-compact roots. Lemma I C . 2 1 implies that 

d e M+[a;Q, a;* ] for a e Ac and a & R'^[x'^, Xa] for a € A„c. (24) 

The Weyl group W C GL(f)) is the subgroup generated by all reflections 

ra{x) := X — a{x)a. 

It acts on the dual space by the adjoint maps 

r;(/3) := 13 - f3{a)a. 

We now describe the relevant root data for the three types of unitary Lie algebras 
over K e {M,C,H}. 

Example C.4. (Root data of unitary Lie algebras) Let "H be a complex Hilbert 
space with orthonormal basis {ej)j^j and t C g := u{H) be the subalgebra of all 
diagonal operators with respect to the Cj. Then t is elliptic and maximal abelian, 
i) — Uz = £°° {J, C), and the set of roots of gc = fll(^) with respect to f) is given by 

{Ej - Ek-. j ^ k e J}. 
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Here the operator EjkCm := SkmSj is an ()-eigenvcctor in g(('H) generating the corre- 
sponding eigenspace and £j{diag{hk)kej) — hj. From — Ekj it follows that 

{sj - ek)'= Ejj - Ekk = [Ejk,Ekj] = [Ejk,E*k], 

so that A = Ac, i.e., all roots are compact. 

The Weyl group W is isomorphic to the group 5(7) of finite permutations of J, 
acting in the canonical way on f). It is generated by the reflections rjk ■= i^ej-ck 
corresponding to the transpositions of j ^ k G J. 

Example C.5. (Root data of symplectic Lie algebras) For a complex Hilbert space H 
with a conjugation a, we consider the quaternionic Hilbert space Hm '■= 'H^, where the 
quaternionic structure is deflned by the anticonjugation a{v,w) := {aw,—av). Then 
Q := sP{'Hb) = {x € u('H^) : ax = xa} and 

Let {ej)jQj be an orthonormal basis of % and t C g C u('H^) be the subalgebra of all 
diagonal operators with respect to the basis elements (e^, 0) and (0, ek) of 'H^. Then t 
is elliptic and maximal abelian in q. Moreover, f) = tc = £°°(J, C), consists of diagonal 
operators of the form h = diag((/ij), {—hj)), and the set of roots of qc with respect to 
f) is given by 

A = {±2£j, ±{ej ± Sk) : j + k,j, k G J}, 

where £j{h) — hj. If we write Ej e 1) for the element defined by £k{Ej) = djk, then 
the coroots are given by 

{ej±£ky= Ej±Ek for j^k and {2ejy=Ej. (25) 

Here the roots Sj — Sk correspond to block diagonal operators, the roots Sj + Sk to 
strictly upper triangular operators, and the roots —Sj — Sk to strictly lower triangular 
operators. Again, all roots are compact, and the Weyl group W is isomorphic to the 
group N X 5(7), where A'' = {±1}('') is the group of finite sign changes on £°°(J, R). 
In fact, the reflection r^.-ek acts as a transposition and the reflection r2ej changes the 
sign of the jth component. 

Example C.6. (Root data of orthogonal Lie algebras) Let "Hr be an infinite dimen- 
sional real Hilbert space and (ej)^^ j be an orthonormal basis of "Hr. Since J is infinite, 
it contains a subset J for which there exists an involution rj: J ^ J with ri{J) = J\J 
and J = JOr]{J). Then 

jg..= |'''Kj) forjeJ 
■ \-e^Q) forje?7(J) 

defines an orthogonal complex structure on "Hr. This complex structure defines on "Hr 
the structure of a complex Hilbert space H := ('Hr,/). We write a for the conjugation 
on H deflned by cr{ej) = Cj for j e J. 
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Then t: % ^ % (BHjV ^ "71^^' ^^^^ linear and isometric. Since its image 

is a totally real subspace, i extends to a unitary isomorphism lc'- He — ^ H^- Let 
p-. V.^ ^ C denote the complex bilinear extension of the scalar product of Hs,, so that 
oCHmh = o{n^,/3). It is given by 

/3iix, y), (x', y')) = Pi^, v') + Pi^' . v) = '^iv')) + i^', ^iv)) 

because the right hand side is complex bilinear and has the correct restriction to l{H). 
This implies that 

^ _^^-r^ e Bin'): = -B,C^ = -C\ 

For the conjugation a{v,w) = {a{w),a{v)) with respect to we have 

g := o('Hr) ^ {x e u(H^) : ax = xa}. 

Now (ej)j^j is an orthonormal basis of the complex Hilbert space T-L and the subalgebra 
t C g C u(?^^) of all diagonal operators with respect to the basis elements (ej,0) and 
(0, Cfc) of is elliptic and maximal abelian in g. Again, f) = ic = £°°{J, C) consists of 
diagonal operators of the form h = diag((ft-j), {~hj)), and the set of roots of gc with 
respect to f} is given by 

A = {±{e,±ek): j ^k,j,ke J}. 

As in Example IC.51 all roots are compact, but since 2ej is not a root and the reflection 
r^^+Ck changes the sign of the j- and the ^-component, the Weyl group W is isomorphic 
to the group iVeven X 'S'(j), where A^cvcn is the group of finite even sign changes. 

C.3 c-duality and complexification of Qi^iT-L) 

In the preceding discussion we have seen 3 types of unitary groups Uk(H): 0(?^), 
V{n) and SpCH) for K = M,C and H, and their complexifications 0(-Hc,/3), GL(-H) 
and Sp('H''', uj). We have also seen the subgroups GLk('H) = Uk('H) exp(HermK('H)) of 
Uk(^)c which are symmetric Lie groups with respect to the involution 9{g) = {g*)~^ 
and the corresponding decomposition = uk('H) ©HermK('H) of the Lie algebra. 

The corresponding c-dual symmetric Lie algebras correspond to unitary groups: 

(E) glRiny - o{n) ® i Sym(H) = u(Hc). 

(C) glciUy = uCH) ® i HermCH) ^ u{H)'. 

(H) glMiny = spin) e i HermH(H) = u(H^). 

The complexifications of these Lie algebras are 

01r(^)c = gl(^c), 0[c(^)c = fl[(^)' and 0[H(H)c=fll(^^). 
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C.4 Variants of hermitian groups 

We shall also need the following variant of the hermitian groups. 

Example C.7. If "H = H+(BH^ is an orthogonal decomposition of the complex Hilbert 
space Ji, then := — {z-,w-) defines a hermitian form 

on H. We write 

UCH+,-H_) := UCH,/i) C GLCH) (26) 

for the corresponding group of complex linear ft,- isometrics. Its Lie algebra u{H+,H-) 
is a real form of g[('H). 

Let J := J+UJ_ be such that (ej)jgj^ is an ONB of H±. We have seen in 
Example IC. 41 that the root system A of u{'H+,'H-)c — flK^) — ii(^)c with respect 
to the subalgebra (} = £°°{J, C) of diagonal matrices with respect to the Cj is given by 

A = {ej - Efc : j 7^ /c e J} 

(cf. Example I C.4 1) . For d := ^ diag(l. —1), we obtain the compact roots 

A, = Afe := {a e A: a{d) = 0} = {e-j - Sk: J ^ k e J+;j ^ k e J^} 

corresponding to the complexification ffi g[('H_) of the centralizer 

u{H+,H-) n uCH) ^ uCH+) ® u{H-) 

of d in u{H+,H-), and the non-compact roots A„c = A+ U A^ , where 

A± := {a e A: a{-i ■ d) = ±1} = ±{£j - : j e J+,ke J_} (27) 

correspond to the ±i-eigenspaces of add in 0[(H) (cf. Example 15 . 14f b) ) . 

Example C.8. For a complex Hilbert space H with a conjugation cr, we define the 
corresponding symplectic group by 

Sp(H):=|.9eU(H,H):ff^(^_°j j) 3 = j) } (28) 

with the Lie algebra 

e BCH^): A* = =b| 

G SCH^): ^B,C^ "*^}' 

The anticonjugation cr(w, w) :— {crw, —av) defines a quaternionic structure on TL^. We 
write for the so obtained quaternionic Hilbert space. The skew-symmetric complex 
bilinear form on defined by a is given by 

uj{{v, w), («', w')) = ({v, w), {—aw',av')) = {w, av') — {v, aw') 



spin) 



and note that 



spiH)i 



A 

B* 



B 



A B 

C -A^ 
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and sp('H)c ^ 5p{'H'^,uj) = sp(?iH)c (cf. Example [C3t . 

Let {ej)j^j be an ONB of "H. In Example I C. 5 1 we have seen that the root system 
A of sp('H^, w) with respect to the subalgebra t) = i°°{J, C) of diagonal matrices is 

A = {±2£j, ±(ej- ± efc) : j ^ k,j, k e J}, 

For := I diag(l, —1) G (), we obtain the compact roots 

Ac = Afc {a e A : a{d) = 0} = {e-j - Sk: j ^ k e J} 

corresponding to the complexification of sp{H) n u{H^) = u{H), and the non-compact 
roots 

A^ {a e A: a{~i ■ d) = ±1} = ±{ej j,k e J}. 

Example C.9. In a similar fashion, we define for a complex Hilbert space H with a 
conjugation a 

0*(H):=|5eU(H,H):ff^(^J o) ■'^ = (l o) } ^^^^ 
with the Lie algebra 

and 

0* (H)c = I (^^ _;^t) e : = -B, = -cj 

The conjugation (v, w) i— )■ {crw, av) defines a symmetric complex bilinear form 

w), (w'j w')) = ((w, w), {aw' ,av')) — (w, ctw') + {w, av') 

onH^ with o*CH)c = o(H^^). 

Let {ej)j^j be an ONB of "H. According to Example IC.61 the root system A of 
o{'H'^, P) with respect to the subalgebra f) = 1°°{J, C) of diagonal matrices is given by 

A = {±£j±£fc: j^fce J}, 

For d :— ^ diag(l, —1) G (), we obtain the compact roots 

Ac = Afe := {a e A : a{d) = 0} = {e, - £fc : j 7^ fc € J} 

corresponding to the complexification of o*{H) n u{H^) = u('H) and the non-compact 
roots 

A^ := {a e A : a{-i ■ d) = ±1} = ±{ej + Ek'- j ^ k e J}. 

Example C.IO. For a real Hilbert space Hu, we consider the pseudounitary group 
"^jHm) of the indefinite quadratic form 



qix,v) := \\x\\'^ - \\vf = {Qix,v), {x,v)), Q 



1 

-1 
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on ]R^©'Hr. Let Ti, := {M.'^(BHr, I) be the complex Hilbcrt space, where / is a complex 
structure on R^O'Hr given by I{x, y) = {—y, x) on and an by an orthogonal complex 
structure on Hr. Let {ej)j^j be an orthonormal basis of this complex Hilbert space 
and jo G J with ejg = (1, 0) G and define a conjugation a on 'H by a{ej) = ej for 

We realize 0{M?,y,R) as a subgroup of 0(?/^,/3), where /3 is the complex bilinear 
extension of to "H^ = He as follows. The conjugation {v, w) i-)- {aw, av) defines a 
symmetric complex bilinear form 

/3((w, w), {v',w')) = {{Qv, Qw), {aw',av')} = (Qv, aw'} + (Qw, av'} 

on with o(M^, 'Hr)c — o{'H'^,l3). Then the corresponding complex orthogonal group 
is 

O(H^/3) = {.GGL(7.^):,-(0 (30) 



with the Lie algebra 



0(W^/3) = |XGB(^2):X^(J 

" { (c d) ^ -^^^'^ ■ = -Q^O' c-^ = -QCQ, D = -QA^gj . 

The subalgebra () = £°°{J,C) of diagonal matrices diag((/ij), {~hj)) G is maxi- 

mal abelian in o('H^,/3) and the root system A of o('H^,/3) with respect to f) is given 
by 

A = {±ej±ek:jy^k€J}. 

Then 

d:=diag((^J ~^yo) & o{M.^Hm) 
corresponds to h = diag(/ij) G f) with /ij = 5j,joi, so that 

Afc := {a G A: a(d) = 0} = {±e,- ±Sk:jj^k€ J\{jo}} 

and 

A^ := {a G A: a{-i ■ d) = ±1} = {±£^0 +ej,±ej^ - ef. jo 7^ j G J}. 

C.5 Groups related to Schatten classes 

For the algebra B{T-L) of bounded operators on the K-Hilbert space H, the ideal of 
compact operators is denoted K{'H) = B^CH), and for 1 < p < 00, we write 

Bp{n) := {A G K{n): tr{{A*A)P/^) < 00} 

for the Schatten ideals. In particular, .82 (^) is the space of Hilbert-Schmidt operators 
and Bx{H) the space of trace class operators. For two Hilbert spaces 'H±, we put 

B2{H-,U+) := {A G B{U-,U+): tr(A*A) < 00}. 
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For 1 < p < oo, we obtain Lie groups 

GLp{H) := GL{H) n (1 + Bp{H)) and Vp{H) := V{H) D GLpiH) 
with the Lie algebras 

Qlpin) := Bp{n) and Up{n) := u{n) n gipin). 
For K = C, we have a determinant homomorphism 

det: GLi(-H) ^ with det(Ui(-H)) = T. 

With SU('H) := ker(det IuiCH)), we then obtain 

Ui(-H) = T K SU(-H) and Ui(H) = R k SU(H) (31) 
for the simply connected covering group (cf. |Ne04[ Prop. IV.21]). 

C.6 Restricted groups 

Let H be a complex Hilbert space which is a direct sum T-L — H+ ® H-. Then 
is a complex Banach-* algebra. Its unit group is 

GL,es(H) = GUn) n B.,s(H). 

Intersecting with GLrcs(^), we obtain various restricted classical groups: 

Uics('H) := U('H) n GLrcs(^) (the restricted unitary group). 

Uics(^+,^-) U('H+,'H-) n GLi.os('H) (the restricted pseudo-unitary group). 

SPrcs(^) Sp(H) n GLros('H ® (the restricted symplectic group). 

0;,,{H) 0*{H) n GLres(H ® H). 

The unitary group in c-duality with Urcs(^+,^-) is Ures(^+ © H-) (cf. Exam- 
ple [LTl). The groups Spres(^) and 0*^^{T-L) also have corresponding c-dual unitary 
groups which can be realized as follows. Let 'Hh denote H^, endowed with its canon- 
ical quaternionic structure given by ct(u, w) = {—aw,uv), so that g[jj('HH)c — sK^^) 
(cf. Appendix [C3t and sp('Hh)c =sp('H^,w). Then 

Sp,.cs(^h) Sp(Hh) n GL,,s(H ® 

is a group whose Lie algebra spj.(,g('HH) is c-dual to spj.gg('H). 

For a real Hilbert space with complex structure / and the corresponding com- 
plex Hilbert space V. = (Hr,/), the realization of 0(Hr) as U('H^) n 0(H^,/3) leads 
to the restricted unitary group 

0,cs(Hr) := 0(Hr) n GLrcs(H ® H) 

of those orthogonal operators 5 = ffo + 5i on Hr for which the antilinear part gi with 
respect to / is Hilbert-Schmidt and the subgroup of /-linear elements in Oros('HR) is 
the unitary group U('H) of the complex Hilbert space %. 
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C.7 Doubly restricted groups 

liV. — H+QT-L- is an orthogonal decomposition of the complex Hilbert space H, then 
we write operators on "H as (2 x 2)-matrices. The subspace 

B^Mn) := {x = (^^'^'^ I'^'^eBiH): ||xu||i, H^isb, ||x22|li < 00} (32) 

is a Banach algebra with the associated group 

GLi,2(H) := {g G GL(H) : 1 - g € BiaiV)}. (33) 

For a subgroup G C GL('H), the corresponding doubly restricted group is now de- 
fined as Gi^2 := G n GLi^2('H). We shaU need these groups for G = Urcs('H+, H-), 
0*gg('H), Spj.gs('H), and also for the corresponding unitary c-dual groups Ures('H), 

Ores(^R), Sp^gg(?^H)- 

C.8 Polar decomposition 

Remark C.ll. In ; Ne02[ Thm. 11.6, Prop. III.8] it is shown that for ah groups G 
discussed in this appendix, the Lie algebra q decomposes as 

g = 1 p with t = {x ^ q: X* — —x} and p — {x ^ q: x* — a;}, 

and that the corresponding polar map X x p — >■ G, (A;, a;) 1— )> A; exp x is a diffeomorphism 
(see also the appendix in |Ne04j). For the doubly restricted group Gi^2, see in particular 
[N0981 Lemma III.6]. 

D Bounded representations of Up(?^), 1 < p < oo 

In this section we completely describe the bounded representations of the unitary 
groups G :— Up('H)o, 1 < p < c», where % is an infinite dimensional Hilbert space 
over K e {R,C,H}. For K = C, we have shown in jNe98l Thm. III.14] that ah 
bounded unitary representations of G, resp., all holomorphic *-representations of the 
complexified group Gc = GLp('H) are direct sums of irreducible ones and that the 
irreducible ones are classified by their "highest weights" . In this section we explain 
this classification in some detail and extend it to real and quaternionic groups. 

To this end, we work with the root systems A from Examples IC.4[ IC.5I and IC.6| 
where f) = tc — P'iJ: C) C gc now stands for the Lie algebra of diagonal operators in 
gc and t = g n (). The root data does not depend on the parameter p. 

Definition D.l. A continuous linear functional /3 e [}' is called a weight if I3{a) £ Z 
holds for each a & A. We write V for the additive group of weights and Q C 7^ for 
the subgroup generated by A. Note that the Weyl group W acts naturally on V (cf. 
[Ni98] . [Ni04] 1. 
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Remark D.2. (a) For q e [1, oo[ defined by i + i = 1, we have f)' = £«(J, C), so that 
we consider elements of this space as functions /3: J — >■ C. Since the root system A 
contains all roots of the form Sj — ek, j 7^ fc e J, it follows from |Ne98| Prop. III. 10] that 
each weight /3 G V is finitely supported with /3( J) C Z. Conversely, the description of 
the coroots in (|25|) implies for K = H and R (Examples IC.5I and IC.6P that any finitely 
supported Z- valued function on J is a weight, i.e., V = Z^''^ is a free group over J. 

(b) The weight group V can be identified with the character group of the Banach- 
Lie group T ~ exp t by assigning to A the character given by xx{t) ■= Ylj^j ■ 

Definition D.3. From [Ne98, Prop. III.IO, Sects. VI, VIII] we know that, for each 
X &V, there exists a unique bounded unitary representation (tta, "Ha) of \Jp{H) whose 
weight set is given by 

Vx = conv(WA) n (A + Q). (34) 

From |Ne98| Thm. III. 15, Sects. VI, VII], we even know that these representation 
extend to bounded representations of the full unitary group U('H). The uniqueness 
of the extension to Uoo('H) follows from the density of \Jp{H) in Uoo('H), and the 
uniqueness of the extension to U(H) follows from the perfectness of the Lie algebra 
u(H) ( |Ne02[ Lemma 1.3]) because any two extensions U('H) U('Ha) differ by a 
continuous homomorphism 

v{n) ^ u(Ha) n TTxiVpin))' = ti 

by Schur's Lemma. We also write tt\ for the unique extension to U('H). 

Remark D.4. (a) Since the representation [ttx^T-Lx) of Uoo(H) is uniquely determined 
by p4p . and the right hand side only depends on the Weyl group orbit, which in turn 
coincides with the set of extreme points of its convex hull ( |Ne98| Lemma 1.19]), it 
follows that TT^ = tta if and only if ^ G WA. Hence the equivalence classes of these 
representations are parameterized by the orbit space V /W. 

(b) For K = C, we write every A G T' as A = A+ — A_ for A± := max(±A, 0). With 
|BN111 Thm. 2.2] we then obtain the factorization 

TTA = 7I'A+ ® 7r^_ 

(see also jKi73| for the case where % is separable). 

The first part of the following theorem is a variation of |Ne981 Thm. III. 14] which 
is the corresponding result for the groups Up(H), where H is a complex Hilbert space. 
From |Ne98| we know that this result does not extend io p — 1. 

Theorem D.5. Let "Hr be an infinite dimensional real Hilbert space. For 1 < p < 00, 
every bounded unitary representation of the simply connected covering group Op(?^R)o 
0/ Op('Hk)o is o. direct sum of bounded irreducible representations. The bounded ir- 
reducible representations are highest weight representations (fx , V) with finitely sup- 
ported highest weights A: J ^ Z. In particular, they have a unique extension to the 
full orthogonal group ©("Hr). 
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Proof. Let G := Op('Hr)o- Passing to the derived representation of the complexified 
Lie algebra gc = Op('He)c — OpCH^, (3), we obtain a ^-representation (p, V) of gc- Ap- 
plying [Ne98j Lemma IIL13] to f) C gc, it follows that each bounded *-representation 
(yO, V) of gc is a direct sum of f)-weight spaces and that the weight set Vy of V is 
contained in = Z'-^'. For /i e Z''^^ we have 

J 3 

SO that the boundedness of p implies the boundedness of the set Vv Q f}' of weights of 
{p,V) as a subset of ^i(J,C) C £°°(J,C)'. 

Let g[p('H) OpCH^ , (3),x diag(x, — a;^) denote the canonical embedding and 
d := |diag(l,-l). Then |Ne98[ Thm. IIL14] implies that the restriction of p to 
glp('H) is a direct sum of irreducible representations. From the decomposition into 
weight spaces for f) = £P{J,C) and the boundedness of the weight set Vv in we 
obtain an extension of p from f) to a bounded representation of [}oo := £°°{J, C), hence 
to a bounded representation (p, 1/) of the semidirect sum gc x f)oo- Since the operator 
—ip{d) is bounded with integral eigenvalues, it has only finitely many eigenspaces, and 
all its eigenspaces are g[p(H)-invariant. 

Let {po,Vq) be an irreducible g[p('H)-subrepresentation of the eigenspace corre- 
sponding to the maximal eigenvalue and C gc denote the ±i-eigenspaces of add. 
Then p(p+)Vb = {0}. Next we observe that the representation of g on the closed 
subspace Vq generated by Vq is also invariant, hence a representation of the real 
Lie algebra g -I- Md. We conclude with |NelOd| Thm. 2.17] that it is holomorphically 
induced from the irreducible representation (po, Vo) of Qipi'H) + Cd, hence irreducible 
by INelOdi Cor 2.14]. This shows that every bounded representation (p, V) of g on 
a non-zero Hilbert space contains an irreducible one, and therefore Zorn's Lemma 
implies that p is a direct sum of irreducible representations. 

Now we suppose that (p, V) is irreducible and that Vo is chosen as above. For each 
weight p: J — > Z in Vv we have p{—i ■ d) — X^jej Mi- Since Vv is invariant under the 
Weyl group W which contains all finite sign changes (Example IC.SP , the maximality 
of p{—i ■ d) among (>Vp)(— i • d) implies that each weight p e Vvo satisfies pj £ No 
for each j £ J. Since the representation {po,Vo) of g[('H) is a representation with 
some highest weight A f [Ne98| Thm. IIL14]), it follows from [Ne98l, Prop. VIL2] that 
(p, V) contains the representation with the highest weight A, hence is a highest weight 
representations because it is irreducible. □ 

Almost the same arguments as for the orthogonal groups apply to the unitary 
groups SPp('Hh) of a quaternionic Hilbert space: 

Theorem D.6. Let T-Lu — be the quaternionic Hilbert space canonically associated 
to the complex Hilbert space % and a conjugation a on %. For 1 < p < oo, ev- 
ery hounded unitary representation of Spp^Hu) is a direct sum of bounded irreducible 
representations. The bounded irreducible representations are highest weight represen- 
tations {p\,V) with finitely supported highest weights A: J — )■ Z. In particular, they 
have a unique extension to the full symplectic group Sj){Hm)- 
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For a separable Hilbert space, the representations discussed in this section coincide 
with those representations of Uoo(H) extending to strongly continuous representations 
on the full unitary groups U(H). Their restrictions to the direct limit groups Uoo(IK) := 
lim U„(K) are precisely the tame representations ( |O190[ Sect. 3], |0178] V 

E Separable representations of infinite dimensional 
unitary groups 

Theorem E.l. (Kirillov, Olshanski, Pickrell) For a separable continuous unitary rep- 
resentation TT of the unitary group U(H) of a separable infinite dimensional Hilbert 
space H over K € {M, C,]HI}, the following assertions hold: 

(a) TT is also continuous with respect to the strong operator topology. 

(b) TT is a direct sum of irreducible representations. 

(c) All irreducible representations occur in a tensor product for some n G Nq. In 

particular they are bounded. 

(d) TT extends uniquely to a continuous representation of the group 11(7^)" with the 

same commutant, where 



is the group with Lie algebra L(U('H)'') = u('H) + i Herm(H). Here TiF denotes 
the complex Hilbert space underlying the quaternionic Hilbert space %, and, for 
K = C, the inclusion rj: V{'H) — U('H)^ is the diagonal embedding. 

Proof (a) is due to Pickrell f [Pi88] ). 

(b) and (c) are claimed by Kirillov in |Ki73j but detailed proofs have been provided 
by Olshanski in [0178] (see also [Ol90) V Note that, for K = C, "He = "H ® H*, so that 
one could also say that the irreducible representations occur in some "H"*" (g) ("H*)*^™. 

(d) Here the main idea is that (a) and (c) implies that the representation extends 
to a representation of the full contraction semigroup C{H) in which U('H) is strongly 
dense. Then one applies a holomorphic extension argument which yields a repre- 
sentation of the c-dual group of GL('H), and the compatibility with the embedding 
77: V{T-L) — > U(H)' shows that we actually obtain a representation of U('H)'. □ 

Corollary E.2. Let K be a quotient of a product Ki x • • • x Kn, where each Kj is 
compact or a quotient of some group U('H), where % is a separable K.-Hilbert space. 
Then every separable continuous unitary representation tt of K is a direct sum of 
irreducible representations which are bounded. 

The preceding corollary means that the separable representation theory of K very 
much resembles the representation theory of a compact group. 




UCHc) for K = M, 
\]{Hf for K = C, 
\]{'H^) for K = H, 
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F Perspectives and open problems 



F.l Positive energy without semiboundedness 

Problem F.l. To clarify the precise relation between semiboundedness and the pos- 
itive energy condition, one has to answer the following question: Is every irreducible 
positive energy representation of a full hermitian Lie group G semibounded? From 
Theorem I5.2f iv) we know that the converse is true. 

Here is what we know: Let (tt, %) be an irreducible positive energy representation 
of the hermitian Lie group {G,9,d). From [NelOdl Prop. 3.6] we derive that H is 
generated by the closed subspace V := Now the problem is to show that 

the iiT-representation p on is bounded because then Theorem 15.61 applies. From 
Lemma 15.31 we know that H decomposes into eigenspaces of d7r(d). 

If we assume, in addition, that H and hence also V are separable, then Corollarv lE.2l 
applies to the iC-representation on V, so that we obtain a bounded irreducible K- 
representation W C V, but a priori we do not know if W can be chosen in such a way 
that W n H°° is dense in W. Hence we cannot apply the tools from [NelOdj . What is 
missing at this point are tools to decompose the ^-representation on the Frechet space 
'H°° (cf. |NelOaj ) that would lead to the existence of an irreducible subrepresentation. 
In a certain sense we are asking for a Peter- Weyl theory for groups such as \J{H). 

Problem F.2. Classify semibounded representations of Frechet-Lie groups such as 
Diff (§^), the Virasoro group and affine Kac-Moody groups. This requires in particular 
to extend the tools developed in |NelOd| to strongly continuous automorphism groups 
(at)tgH on Banach-Lie groups, where the infinitesimal generator a'(0) is unbounded. 
One also has to develop suitable direct integral techniques which permit to identify 
smooth vectors. 

Problem F.3. Use the Liicher-Mack Theorem |MNllj to determine which irreducible 
representations we obtain by restriction from hermitian groups to automorphism groups 
of real forms Mr of hermitian symmetric spaces M. It seems that many of the irre- 
ducible semibounded representations remain irreducible when restricted to such sub- 
groups. 

On the level of the group K, typical examples where restrictions to rather small 
subgroups remain irreducible arise in the situation of Theorem lE.ir d). In this context 
all highest weight representation of the group U(H)'* with non- negative highest weight 
remain irreducible when restricted to the subgroup IJ{'H). 

Problem F.4. It is also of some interest to identify the irreducible semibounded 
representations for hermitian groups (G, 9, d) which are not irreducible. Here the 
main issue is to understand the situation where p contains infinitely many simple 
J7J*-ideals. 



67 



F.2 Other restricted hermitian groups 

Example F.5. For smooth manifolds M with dimM > 1, the group C°°{M,K), K 
a compact Lie group, has natural homomorphisms into the group 

G := U„s,p(H) := [g G U(H) : 512 e Bp{n-,n+), 921 G 

for some p > 2 (cf. [Mi871 IMiSQ) . |Pi89p . The Lie algebra of this group contains 
the element d :— |diag(l,— 1) for which 6 := e^^'^'^ defines an involution and we 
can also ask for its semibounded unitary representations. Note that (G, 9, d) is not 
a hermitian Lie group in the sense of Definition 11.11 because p = Bp{T-l-,H+) carries 
for p > 2 no Hilbert space structure invariant under the adjoint action of the group 
K = G'' =1]{H+) x\J{H-). 

First we claim that if^(g,R) — {0}, i.e., that all central extensions of g are trivial. 
In fact, with the same arguments as in the proof of Lemma 13.31 see that every 
continuous cocycle oj : g x g — R is equivalent to one vanishing on fx g. Then lu 
defines on p x p an Ad(i4r)-invariant skew-symmetric bilinear form, and Lemma 13.31 
implies that its restriction to the dense subspace i?2(H-,H+) is a multiplies of the 
canonical cocycle Imtr(a;y*). Since this cocycle is not continuous with respect to || • 
we obtain co — 0, and therefore i?^(g,M) = {0}. 

Next we observe that every semibounded unitary representation tt of G restricts to 
a semibounded representation of the subgroup Urcs(^), whose central charge c vanishes 
(Theorem lS.ip . If d7r is non-zero on p, then Corollarv lE.2l further implies that tt extends 
to a bounded highest weight representation {ttx.'Hx) of the full unitary group U(H). 
Therefore the group Urcs,p('H) has no unbounded semibounded irreducible unitary 
representations. If T-L is separable, then Pickrell show in |Pi90[ Prop. 7.1] that all 
separable continuous unitary representations of Urcs,p(^) extend uniquely to strongly 
continuous representations of the full unitary group U(H), hence are direct sums of 
bounded representation. 

Problem F.6. For the Schatten norms, we have the estimate 

< P|l,Jli?|l,, for -<- + - 

P Pi P2 

f |G!GK00l Th. IV. 11. 2]). This leads in particular to 

\\AB\\j,/2 < \\AUB\\p. 
For each p > 2 we thus obtain for H = T-L+ T-L- a Banach algebra 

^p/2,p('H) |x = ^j^^l ^^^^ eB{n): ||a;ii||p/2, HxizHp, ||a;2i||p, ||a;22||p/2 < ooj 

(35) 

and a corresponding unitary group 

Up/2,p(H) := U(H) n (1 + Bp/2,piH)). (36) 
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Accordingly, we obtain for each p > 2 a variant of a hcrmitian Lie algebra by 
g :=Mrf + Up/2,p('H) =Up/2,p('H) XaddK for d = - diag(l, -1) 
and a corresponding group G := Vp/2.p{'H) x M. Then 

With a similar argument as in Lemma 13.31 we see that each cohomology class in 
i?^(0,R) contains a d-invariant cocycle ut. Then cj{t,p) = {0}, and a similar argument 
as in Example IF . 5 1 implies that it vanishes on p x p. However, for p > 2, the Lie algebra 
Up/2(^+) has non-trivial cocycles which can be written as LUi){x,y) := tT{[x,y]D) for 
D e B(n+) ifp < 4, and for D e Bq{H+) if p > 4 and i + ^ = 1 r [Ni03l Prop. IIL19]). 

Suppose that p > 2. One can show that the Lie alge&ra I also has the property 
that 6/3(5) contains no open invariant cones. In particular, all irreducible semibounded 
representations of G are holomorphically induced from bounded representations of 
K = {G^)q (Theorem 15. 4p . For p > A, one can apply the results from Appendix ID] 
to the groups Up/4 ("Hi) to show that, for all bounded unitary representations of cen- 
tral extensions of the groups Up/2 ("Hi), the center acts trivially, which leaves only 
representations extending to highest weight representations of the full unitary groups 
\J{'H±). From that one concludes that the central extensions of Vp/2.p{'H) do not lead 
to new semibounded representations, and that all semibounded representations extend 
to the larger group Ui.os,p(^), hence even to U('H) (cf. Example IF.Sp . 

For 2 < p < A the preceding method does not work. It is an interesting problem 
whether in this case the central extensions of Up/2 (Hi) have bounded irreducible 
representations which are non-trivial on the center. We do not expect that this is the 
case. 

We also note that, since Up/2(H) is contained in Up/2,p(H), the structure of the 
bounded representations of G follows from |Ne98[ Thm. III. 14]. They all extend to 
highest weight representations of U('H) fPefinition ID.3|) . 

Forp — 2, the group Up/2 ("Hi) — Ui('H±) has no non-trivial central extensions, but 
it has a bounded representation theory which is not of type I (cf. |Ne98) ). Furthermore 
contains non-trivial open invariant cones. Therefore one can expect that in 
this case G has a rich but also more complicated variety of semibounded unitary 
representations. 
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